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4 
The f a c t o r s  which govern the  d i s t r i b u t i o n  

of  e l e c t r o n s  and i o n s  i n  the  e a r t h ’ s  exosphere 

a r e  d i s c u s s e d .  The t h e o r y  t a k e s  i n t o  account  

t he  e f f e c t  o f  t he  e l e c t r i c  f i e l d  which a r i ses  

from charge  s e p a r a t i o n ,  t h e  c e n t r i f u g a l  f o r c e  

a r i s i n g  from t h e  r o t a t i 3 n  o f  t h e  e a r t h  and the  

u f  tilt. eai-,til’s g r a v - ~ t a t ~ u n a i  I ” I e i G .  It 

i s  assumed t h a t  t he  charged p a r t i c l e s  a r e  con- 

s t r a i n e d  t o  move on ly  a l o n g  t h e  d i r e c t i o n  of  

t he  e a r t h ’ s  magnetic l i n e s  o f  f o r c e .  The 

m o d i f i c a t i g n s  t h a t  r e s u l t  i n  t h e  e l e c t r o n  and 

i o n  d i s t r i b u t i Q n s  when a tempera ture  v a r i a t i o n  

is  assumed a long  a l i n e  o f  f o r c e  a r e  a l s o  

c o n s i d e r e d .  

The r e s u l t s  p r e d i c t e d  by the t h e o r y  a r e  

compared w i t h  a c t u a l  expe r imen ta l  o b s e r v a t i o n s  

of  t he  exospher ic  plasma which have been o b t a i n e d  

i n  r e c e n t  y e a r s  u s ing  w h i s t l e r s  and u s i n g  t o p -  

s i d e  ionograms made by the  A l o u e t t e  s a t e l l i t e .  * 

. ,  
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FIGURES 

NOTE: F i g u r e s  1 - 7 a r e  inc luded  i n  the t ex t .  
F i g u r e s  8 - 22 a r e  p r e s e n t e d  a t  t he  back of the  r e p o r t .  

F i g .  1. G r a v i t a t i o n a l  and c e n t r i f u g a l  f o r c e s  (7 and 4 
a c t i n g  on u n i t  m a s s  l o c a t e d  a t  t he  poinf  A 
de f ined  by one of t he  c o o r d i n a t e  p a i r s  ( r y e ) ,  
(eo,e) o r  ( e o y s ) .  

F i g .  2. The r e l a t i v e  magnitudes of  t h e  g r a v i t a t i o n a l  and 6 
c e n t r i l ' u g a i  i 'orces a t  dii ' i 'erent p o i n t s  a iong  
a l i n e  of f o r c e .  

8 F i g .  3. To i l l u s t r a t e  an element o f  volume t aken  a long  
a l i n e  of f o r c e .  The p a r t i a l  p r e s s u r e s  of  t h e  i o n s  
and e l e c t r o n s ,  p and pe,and the  e l e c t r i c  
f i e l d  E,(Mange 196b) a r e  a l s o  shown. 

F i g .  4. D i s t r i b u t i o n  o f  e l e c t r o n  and i o n  d e n s i t i e s  w i t h  21  
t he  temperature-modif ied g e o p o t e n t i a l  h e i g h t ,  z, 
f o r  t he  gase  C = 1 and c o n s t a n t  t empera tu re  
T = 1000 K .  

F i g .  5. V a r i a t i o n  o f  temperature-modif ied g e o p o t e n t i a l  25 
h e i g h t ,  z ,  w i t h  a l t i t u d e ,  h, f o r  an  i s o t h e r m a l  
exosphere.  

27 F i g .  6. Parameters  u sed  to c a l c u l a t e  Reo a t  the 
r e f e r e n c e  l e v e l  a t  two m a g n e t i c a l l y  con juga te  
p o i n t s  when the t empera tu re  i n  t h e  n o r t h e r n  
and s o u t h e r n  hemispheres a r e  d i f f e r e n t  but 
c o n s t a n t  i n  each hemisphere.  

29 F i g .  7. Parameters  used  to c a l c u l a t e  Reo a t  t h e  
r e f e r e n c e  l e v e l  a t  two m a g n e t i c a l l y  con juga te  
p o i n t s  when the tempera ture  i s  t a k e n  a s  a 
cont inuous  f u n c t i o n  TN( s )  i n  the  n o r t h e r n  
hemisphere,  and T s ( s )  i n  t he  s o u t h e r n  
hemisphere.  A t  p o i n t s  1 and 2, the t empera tu res  
a r e  the  same. 
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NOTE: F i g s .  8 - 22 a r e  p r e s e n t e d  a t  t h e  end of  t h e  reporis.  

F i g .  8. V a r i a t i o n  o f  t h e  i o n  composi t ion a t  500 km w i t h  
t h e  tempera ture  a t  t h a t  l e v e l  (Eaue r  1963) .  

F i g .  9 a .  R e l a t i v e  e l e c t r o n  and i o n  d e n s i t i e s  a s  a f u n c t i o n  
of t h e  g e o p o t e n t i a l  h e i g h t ,  z ,  f o r  an  i s o t h e r m a l  
exosphere.  The form of t h e  d i s t r i b u t i o n s  depends 
s t r o n g l y  on t h e  assumed base  l e v e l  composi t ion  and 
t h e  assumed t empera tu re  a s  may be seen  by comparing 
t h e  above w i t h  t h e  subsequent  f i g u r e s .  

F i g .  9 b .  R e l a t i v e  e l e c t r o n  and i o n  d e n s i t i e s  a s  a f u n c t i o n  
of t h e  g e o p o t e n t i a l  h e i g h t ,  z, f o r  an  i s o t h e r m a l  
exosphere.  Comparison w i t h  F i g .  9 c  i n d i c a t e s  
t he  e f f e c t  on t h e  d i s t r i b u t i o n s  o f  changing t h e  
tempera ture  o n l y .  

F i g .  9 c .  R e l a t i v e  e l e c t r o n  and i o n  d e n s i t i e s  a s  a f u n c t i o n  
of t h e  g e o p o t e n t i a l  h e i g h t ,  z, f o r  an  i so the rma l  
exosphere.  Comparison w i t h  F i g .  9b i n d i c a t e s  
t h e  e f f e c t  on t h e  d i s t r i b u t i o n s  o f  changing t h e  
temperature  o n l y .  Comparison w i t h  F i g .  9d r e v e a l s  
the  e f f e c t  of changing t h e  b a s e  composi t ion o n l y .  

F i g .  9d .  R e l a t i v e  e l e c t r o n  and i o n  d e n s i t i e s  a s  a f u n c t i o n  
of t h e  g e o p o t e n t i a l  h e i g h t ,  z, f o r  an i s o t h e r m a l  
exosphere .  Comparison w i t h  F i g .  9 c  r e v e a l s  t h e  
e f f e c t  o f  changing t h e  base  composi t ion o n l y .  

F i g .  9 e .  R e l a t i v e  e l e c t r o n  and i o n  d e n s i t i e s  a s  a f u n c t i o n  
of t h e  g e o p o t e n t i a l  h e i g h t ,  z, f o r  a n  i s o t h e r m a l  
exosphere w i t h  a r e l a t i v e l y  h i g h  t empera tu re .  

F i g .  10.  Summary of  t h e  r e s u l t s  of  F i g s .  9a - e f o r  t h e  
r e l a t i v e  e l e c t r o n  d e n s i t y  d i s t r i b u t i o n s  i n  t h e  
exosphere ove r  a wide range  of  c o n d i t i o n s .  

F i g .  11. The v a r i a t i o n  w i t h  tempera ture  of  t h e  l e v e l s  
a t  which t h e  i o n s  i n d i c a t e d  have e q u a l  abundances.  
The broken l i n e s  cor respond to t h e  c a s e s  when 
t h e  composi t ion a t  t he  base  l e v e l  depends on 
t h e  tempera ture  t h e r e  ( t h r o u g h  equa t ions  ( 6 5 ) ) .  
The cont inuous  l i n e s  cor respond to t h e  cases  when 
the  composi t ion a t  t h e  base  l e v e l  i s  independent  
of  tempera ture  (Composition 1) .  These r e s u l t s  
a r e  i n  agreement w i t h  t h o s e  p r e s e n t e d  e a r l i e r  by 
Eauer ( 1 9 6 2 ) .  
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F i g .  12a .  TO i l l u s t r a t e ,  for a n  i so the rma l  exosphere ,  
t h e  r e l a t i v e  e l e c t r o n  d e n s i t y  d i s t r i b u t i o n s  
a l o n g  a f i e l d  l i n e  w i t h  f e e t  ( a t  500 "km above 

Tab les  1 and 2 
t h e  e a r t h )  a t  eomagnetic l a t i t u d e  45 ( s e e  

F i g .  12b .  To i l l u s t r a t e ,  f o r  an i so the rma l  exosphere,  
t h e  r e l a t i v e  e l e c t r o n  d e n s i t y  d i s t r i b u t i o n s  
a l o n g  a f i e l d  l i n e  w i t h  f e e t  ( a t  500 km above 
t h e  e a r t h )  a t  geomagnetic l a t i t u d e  55" ( see  
T a b l e s  1 and 2 ) .  The broken l i n e s  i n d i c b t e  
t h e  d i s t r i b u t i o n s  which would have been ob ta ined  
i f  t h e  c e n t r i f u g a l  f o r c e  had b e e n  neg lec t ed .  

F i g .  1 2 c .  To i l l u s t r a t e ,  f o r  a n  i so the rma l  exosphere ,  
t h e  r e l a t i v e  e l e c t r o n  d e n s i t y  d i s t r i b u t i o n s  
a long  a f i e l d  l i n e  w i t h  f e e t  ( a t  500 km above 
t h e  e a r t h )  a t  geomagnetic l a t i t u d e  65" ( s e e  
Tab les  1 and 2 ) .  The broken l i n e s  i n d i c a t e  
L I ~ C  dlsti-:but ~ O [ - I Y  wi i ic i i  w s u i i i  i iave ' u e e r i  o b i a i n e d  
i f  the  c e n t r i f u g a l  f o r c e  had b e e n  n e g l e c t e d .  
CL - 

F i g .  13. Schematic diagram t o  i l l u s t r a t e  t h e  v a r i a t i o n  
o f  t empera tu re  a long  a l i n e  of  f o r c e .  T~(s) i s  
used  f o r  t h e  tempera ture  d i s t r i b u t i o n s  i n  t h e  

?~~~~~~~ [ s u m e ~ {  hemisphere.  
w in te r  hemisphere and T2(s) f o r  t h e  

F i g .  1 4 a .  To i l l u s t r a t e ,  f o r  a non- i so thermal  exosphere 
( s e e  F i g .  1 3 ) ,  t h e  r e l a t i v e  e l e c t r o n  d e n s i t y  
d i s t r i b u t i o n  a long  a f i e l d  l i n e  w i t h  f e e t  ( a t  
500 km above t h e  e a r t h )  a t  geomagnetic l a t i t u d e  
35" ( see Tables  1 and 2 ) .  

F i g .  14b.  To i l l u s t r a t e ,  f o r  a non- i so thermal  exosphere 
( s e e  F i g .  13), t h e  r e l a t i v e  e l e c t r o n  d e n s i t y  
d i s t r i b u t i o n  a long  a f i e l d  l i n e  w i t h  f e e t  ( a t  
500 km above t h e  e a r t h )  a t  geomagnetic l a t i t u d e  
45' ( see Tables  1 and 2 ) .  

F i g .  l 4 c .  To i l l u s t r a t e ,  f o r  a non- i so thermal  exosphere 
( s e e  F i g .  l3), t h e  r e l a t i v e  e l e c t r o n  d e n s i t y  
d i s t r i b u t i o n  a long  a f i e l d  l i n e  w i t h  f e e t  ( a t  
500 km above the  e a r t h )  a t  geomagnetic l a t i t u d e  
55" ( s e e  T a b l e s  1 and 2 ) .  The broken l i n e s  
i n d i c a t e  t h e  d i s t r i b u t i o n s  which would have been 
ob ta ined  i f  t h e  c e n t r i f u g a l  f o r c e  had been 
n e g l e c t e d .  
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F i g .  14d. To i l l u s t r a t e ,  f o r  a non- i so thermal  exosphere 
( s e e  F i g .  l 3 ) ,  t h e  r e l a t i v e  e l e c t r o n  d e n s i t y  
d i s t r i b u t i o n  a long  a f i e l d  l i n e  w i t h  f e e t  ( a t  
50: km above t h e  e a r t h )  a t  geomagnetic l a t i t u d e  
65 ( s e e  Tables  1 and 2 ) .  The broken l i n e s  
i n d i c a t e  t h e  d i s t r i b u t i o n s  which would have been  
obta ined  i f  t h e  c e n t r i f u g a l  f o r c e  had been 
n e g l e c t e d .  

F i g .  l 5 a .  The p r e d i c t e d  r a t i o  of t h e  e l e c t r o n  d e n s i t y  i n  
w i n t e r  to t h a t  a t  t h e  same l o c a t i o n  and a l t i t u d e  
i n  summer f o r  a number o f  d i f f e r e n t  a l t i t u d e s .  
Composition 1 ( s e e  Tab le  1) i s  used  a t  500 km, 
a s  was done p r e v i o u s l y .  The assumed tempera ture  
d i s t r i b u t i o n  i s  i l l u s t r a t e d  i n  F i g .  13. 

F i g .  l 5 b .  The p r e d i c t e d  r a t i o  of  t h e  e l e c t r o n  d e n s i t y  i n  
w i n t e r  t o  t h a t  a t  t h e  same l o c a t i o n  and a l t i t u d e  
i n  summer f o r  a number of  d i f f E r e n t  a l t i t u d e s .  
Compositions 1 and 2f ( s e e  Tab le  1) a r e  used  a t  
500 km, a s  was done p r e v i o u s l y .  The assumed 
temperature  d i s t r i b u t i o n  i s  i l l u s t r a t e d  i n  F i g .  13. 

F i g .  1 6 a .  E q u a t o r i a l  N(h )  p r o f ' i l e .  T h  e l e c t r 3 n  d e n s i t y  a t  6 1000 km was assumed to be 10 / c c  ( s e e  Tab les  1 and 2 ) .  
The  tempera ture  d i s t r i b u t i o n s  a l o n g  a f i e l d  l i n e  a r e  
g iven  by e q u a t i o n  (66 )  and a r e  i l l u s t r a t e d  schemat i -  
c a l l y  i n  F i g .  13. 

e l e c t r o n  d e n s i t y  a t  1000 km was assumed to be lO4/cc 
( s e e  Tab les  1 and 2). The tempera ture  d i s t r i b u t i o n s  
a long  a f i e l d  l i n e  a r e  g iven  by e q u a t i o n  (66 )  and 
a r e  i l l u s t r a t e d  s c h e m a t i c a l l y  i n  F i g .  13. 

F i g .  1 6 ~ .  N(h)  p r o f i l e  a t  geomagnetic l a t i t u d e  60".  The e l e c t r o n  
d e n s i t y  a t  1000 km was assumed to be lO4/cc ( s e e  
T a b l e s  1 and 2 ) .  T h e  t empera tu re  d i s t r i b u t i o n s  a l o n g  
a f i e l d  l i n e  a r e  g i v e n  by e q u a t i o n  (66)  and a r e  
i l l u s t r a t e d  s c h e m a t i c a l l y  i n  F i g .  13.  

F i g .  1 6 b .  N(h) p r o f i l e  a t  geomagnetic l a t i t u d e  30". The 

F i g .  17.  The average  q u i e t  day e l e c t r o n  d e n s i t y  a t  1000 km 
(based  on t h e  r e s u l t s  of  Thomas and Sade r  1963) .  
The cont inuous  l i n e s  a r e  observed v a l u e s  and t h e  
broken l i n e s  a r e  e x t r a p o l a t i o n s  which a r e  roughly  
c o n s i s t e n t  w i t h  e q u a t o r i a l  A l o u e t t e  d a t a .  

SEL-63-110 - v i i i  - 



F i g .  18a .  T h e o r e t i c a l l y  p r e d i c t e d  e q u a t o r i a l  N ( h )  p r o f i l e s  
based or, observed A l o u e t t e  d a t a  f o r  t h e  e l e c t r o n  
d e n s i t y  a t  1000 km f o r  summer days .  Curves f o r  a 
wide v a r i e t y  of  i s o t h e r m a l  exosphe r i c  t empera tu res  
and composi t ions a r e  i l l u s t r a t e d  ( s e e  Tab les  1 and 2 ) .  

F i g .  1 8 b .  T h e o r e t i c a l l y  p r e d i c t e d  e q u a t o r i a l  N ( h )  p r o f i l e s  
based on observed A l o u e t t e  d a t a  f o r  t h e  e l e c t r o n  
d e n s i t y  a t  1000 km f o r  summer n i g h t s .  Curves f o r  
a wide v a r i e t y  of  i s o t h e r m a l  exosphe r i c  tempera- 
t u r e s  and composi t ions a r e  i l l u s t r a t e d  ( see  
T a b l e s  1 and 2 ) .  Note t he  marked i n c r e a s e  i n  t he  
r a t e  of f a l l  o f f  o f  e l e c t r o n  d e n s i t y  w i t h  h e i g h t  
a t  g r e a t  d i s t a n c e s  from t h e  e a r t h .  

F i g .  18c. T h e o r e t i c a l l y  p r e d i c t e d  e q u a t o r i a l  N ( h )  p r o f i l e s  
based on observed A l o u e t t e  d a t a  f o r  t he  e l e c t r o n  
d e n s i t y  a t  1000 km f o r  w i n t e r  days .  Curves f o r  a 
wide v a r i e t y  of  i so the rma l  exosphe r i c  t empera tu res  
arLd c o m p o s i t ~ ~ n s  a r e  i l l u s t r a t e d  ( s e e  ~ z b l e s  1 2nd 
2) * 

F i g .  1 8 d .  T h e o r e t i c a l l y  p r e d i c t e d  e q u a t o r i a l  N(h)  p r o f i l e s  
based on observed A l o u e t t e  d a t a  f o r  t h e  e l e c t r o n  
d e n s i t y  a t  1000 km f o r  w i n t e r  n i g h t s .  Curves f o r  a 
wide v a r i e t y  o f  i so the rma l  exosphe r i c  t empera tu res  
and composi t ions a r e  i l l u s t r a t e d  ( s e e  Tab les  1 
and 2 ) .  

F i g .  18e. Summary o f  t h e  r e s u l t s  of  F i g s .  18a - d .  T h e  
c u r v e s  shown a r e  t h e  p r e d i c t e d  t h e o r e t i c a l  N(h )  
d i s t r i b u t i o n s .  

F i g .  19a .  T h e o r e t i c a l  N ( h )  p r o f i l e s  p r e d i c t e d  by a number of 
workers .  The tempera tures  fog  c u r v e s  a - e a r e  
2000, 1000, 750, 1500, 1500 K r e s p e c t i v e l y .  
Composition i (Tab le  1) h a s  been used  f o r  c u r v e s  
e ,  d and e .  Curves c and d a r e  based on A l o u e t t e  
d a t a  f o r  summer n i g h t s  and c u r v e ?  for k l o u e t t e  
d a t a  f o r  summer days .  Note t h a t  the s l o p e s  o f  
c u r v e s  e ,  d and e a r e  s u b s t a n t i a l l y  d i f f e r e n t  from 
t h e  o t h e r s  nea r  1000 km. Also,  the  s l o p e s  of c u r v e s  
c and  d a t  g r e a t  d i s t a n c e s  from the  e a r t h  a r e  
d i f f e r e n t  from the o t h e r s .  

F i g .  l g b .  Examples o f  exper imenta l  o b s e r v a t i o n s  o f  exosphe r i c  
e l e c t r o n  d e n s i t y  ( e q u a t o r i a l  p r o f i l e s ) .  
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F i g .  20. Comparison o f  exper imenta l  and t h e o r e t i c a l  
exospher ic  N ( h )  p r o f i l e s  i n  t h e  e q u a t o r i a l  p l a n e .  
The cu rves  a - g a r e  t h o s e  d e s c r i b e d  i n  F i g .  l g a .  
The d i a g o n a l l y  shaded a r e a  d e f i n e s  approximate ly  
the r e g i o n  w i t h i n  which the  expe r imen ta l  p r o f i l e s  
o f  F i g .  l g b  a r e  observed t o  l i e .  The v e r t i c a l  
shading n e a r  1000 km i n d i c a t e s  t h e  approximate 
r e g i o n  i n  which t h e  A l o u e t t e  o b s e r v a t i o n s  f o r  
1000 km l i e .  

F i g .  2 1 .  Comparison o f  t h e o r y  and exper iment .  The t h e o r e t i c a l  
curve was computed zssuming a c o n s t a n t  exosphe r i c  
temperature  o f  1000 K and i o n i c  Composition 1 ( T a b l e  
1) a t  t h e  base  l e v e l .  The e l e c t r o n  d e n s i t y  a t  
1000 km was t aken  to be  t h a t  g i v e n  by A l o u e t t e  f o r  
summer n i g h t  c o n d i t i o n s  ( F i g .  17). 

F i g .  22 .  Observed and p r e d i c t e d  r a t i o s  of t h e  e l e c t r o n  
d e n s i t y  a t  1000 km a t  con juga te  p o i n t s  i n  t h e  
w i n t e r  and summer hemispheres .  The middle  l i n e  
g i v i n g  t h e  observed ave rage  q u i e t  day r a t i o s  i s  
based on summer and w i n t e r  A l o u e t t e  o b s e r v a t i o n s  
a t  S t a n f o r d .  The r a t i o  i s  approximate ly  0 . 5  o v e r  
t h e  l a t i t u d e  range  cons ide red .  The t h e o r e t i c a l l y  
p r e d i c t e d  r a t i o s  a r e  i n  r easonab ly  good agreement .  
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NOMENCLATURE 

NOTE: The s u f f i x e s  e and i a r e  used  to deno te  e l e c t r o n s  
?lid i o n s  r e s p e c t i v e l y ,  and t h e  s u f f i x  o i s  used t o  
denote  v a l u e s  measured a t  t h e  b a s e  l e v e l  u s u a l l y  
t aken  t o  be 500 k i lome te r s  above t h e  e a r t h .  

e l e c t y o n  d e n s j t y  a t  500 km r e l a t i v e  t o  0 + ri 
d e n s i t y  at t h a t  l e v e l  

i o n  d e n s i t y  clC, 500 k m  r e l a t i v e  t o  0 + d e n s i t y  
zt t h c t  l e v e l  

Ti 

h a 1 t I t u a e  

H .i s c r l e  he rgh t  or' non-ionized i o n ,  a t  500 km 

me e l e c t , r o n  mess 

m: i o n  m r j s s  

L 

- 

t e m p e r ~ t u r e - , ~ e i ~ h t e d  i o n  mass ave rage  

ri o r  N ele<r:tr.cn der i s i ty  

n e l e r t r o n  d e n s i t y  a t  t h e  base l e v e l  

n. 

e 

eo  

Lon d e n s i t y ;  i = 1 y 2 , 3 y  f o r  O+, H e +  and H+ 
:-'e.:pec t i v e l y  I 

n: tori d e n s i t y  zt t h e  base  l e v e l  

E 

-0 

r ? t i o  of e l e c t r o n  d e n s i t i e s  a t  500 k m  above t h e  
ez r . t h  z t  conjugate  p o i n t s  i n  the two hemispheres  

t h e  d i s t a n c e  measured a l o n g  a l i n e  o f  f o r c e  from 
i t s  foot ( a t  500 k m )  to t h e  p o i n t  ( e o , 6 )  on t h e  
f i e l d  l i n e  

e o  

s ( 4 0 , Q )  

s ! ( e o y 0 * )  t h e  d i s t a n c e  measured a l o n g  a l i n e  o f  f o r c e  from 
i t s  f o o t  ( a t  500 km) t o  t h e  p o i n t  ( O O y e ' ) .  It i s  
used  a s  a n  upper l i m i t  of i n t e g r a t i o n  

s ( e  ) t h e  d i s t a n c e  rneasuyed along a f i e l d  l i n e  from t h e  
geomagnetic e q u a t o r i a l  p l a n e  t o  a p o i n t  on t h e  base  
l e v e l  st l a t i t u d e  8 

M o  

0 

- x i  - SEL-63 -110 



T 

Te 

Ti 

TO 

8 

8' 

electron or ion temperatures when they are assumed 
the same in an isothermal exosphere 

electron temperature 

electron temperature at 500 km 

ion temperature 

ion temperature at 500 km 

electron or ion temperature at 500 km, when they 
are assumed equal 

electron or ion temperatures, when they are 
assumed equal 

geomagnetic latitude of a point on a field line 

geomagnetic latitude of a field line at 500 km 
above the earth's surface 

geomagnetic latitude of a point on a field line, 
when this point is the upper limit of an integration 

coordinates of a point on a magnetic field line in 
terms of the latitude, 8, of the point and the 
latitude e o ,  of the foot (at 500 km) of the particu- 
lar field line concerned 

temperature modified geopotential height, corres- 
ponding to the point ( e o , e l ) .  
exosphere, z is sometimes referred to as the 
geopotential height 

For an isothermal 
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I. INTRODUCTION 

A g r e a t  d e a l  of exper imenta l  d a t a  on the d i s t r i b u t i o n  o f  

i o n s  and e l e c t r o n s  i n  t h e  upper  p a r t s  of t h e  e a r t h ' s  ionosphere  
a r e  becoming i n c r e a s i n g l y  a v a i l a b l e  a s  the  new t e c h n i q u e s  r e -  
q u i r e d  t o  i n v e s t i g a t e  t h e  p h y s i c a l  p r o p e r t i e s  o f  the exosphere 
a t  t h e s e  h e i g h t s  a r e  developed. An e x c e l l e n t  b r i e f  r e p o r t  on 
a c t i v i t i e s  i n  t h i s  f i e l d  has  been g i v e n  by Bordeau (1963) and 
t h e  main r e f e r e n c e s  to exper imenta l  work a r e  quoted i n  t h a t  
p a p e r .  

I n  t h i s  r e p o r t ,  a n  account i s  g i v e n  o f  t h e o r e t i c a l  con- 
s i d e r a t i o n s  which govern the d i s t r i b u t i o n  o f  e l e c t r o n s  and 
i o n s  above 500 km i n  t h i s  r e g i o n  o f  space .  These d i s t r i b u t i o n s  
a r e  de r ived  on the  assumptions t h a t  t h e  charged p a r t i c l e s  a r e  
c o n s t r a i n e d  to move on ly  a l o n g  the  d i r e c t i o n  o f  the e a r t h ' s  
magnetic l i n e s  o f  f o r c e  unde r  t h e  a c t i o n  o f  t h e  e a r t h ' s  g rav -  
i t a t i o n a l  f i e l d  and of  t he  c e n t r i f u g a l  f o r c e  a r i s i n g  from t h e  
r o t a t i o n  of t h e  e a r t h .  The e f f e c t  of the  e l e c t r i c  f i e l d ,  E, 
which a r i s e s  from the  charge s e p a r a t i o n  t h a t  o c c u r s  [Mange 

(1960)l r e s u l t i n g  from the  tendency o f  e l e c t r o n s  t o  r i s e  w i t h  
r e s p e c t  to the  h e a v i e r  p o s i t i v e  i o n s  i s  a l s o  t a k e n  i n t o  accoun t .  
The m o d i f i c a t i o n s  t h a t  r e s u l t  i n  t he  e l e c t r o n  and i o n  d i s t r i -  

b u t i o n s  when a tempera ture  v a r i a t i o n  a l o n g  a l i n e  o f  f o r c e  i s  
assumed, such t h a t  there  a r e  r e l a t i v e l y  l a r g e  t empera tu re  d i f -  

f e r e n c e s  between the  no r the rn  and sou the rn  hemispheres  i n  the 
v i c i n i t y  o f  t h e  peak o f  t h e  F r e g i o n y a r e  a l s o  cons ide red .  
S p e c i a l  a t t e n t i o n  i s  given to t h e  d i s t r i b u t i o n s  t h a t  r e s u l t  
when computed a long  a l i n e  of  f o r c e ,  and the  r e s u l t i n g  d i f f e r -  
e n c e s  i n  v e r t i c a l  p r o f i l e s  observed a t  d i f f e r e n t  l a t i t u d e s  a r e  
d i s c u s s e d .  It i s  found u s e f u l  and conven ien t  t o  p r e s e n t  the 
p r e d i c t e d  r a t i o s  of e l e c t r o n  d e n s i t y  a t  a g i v e n  l e v e l  i n  t h e  
n o r t h e r n  hemisphere to t h a t  ob ta ined  a t  t h e  co r re spond ing  con- 
j u g a t e  p o i n t  i n  t h e  southern  hemisphere.  The  t h e o r y  p r e d i c t s  
t h a t ,  under  c e r t a i n  c i rcumstances ,  t h i s  r a t i o ,  when p l o t t e d  
a g a i n s t  geomagnetic l a t i t u d e ,  e x h i b i t s  two maxima, one i n  very  
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low l a t i t u d e s  and t h e  o t h e r  a t  h i g h  l a t i t u d e s .  The r e l a t i v e  
magnitudes and p o s i t i o n s  of t h e s e  maxima depend t o  a c e r t a i n  
e x t e n t  on the  p r e c i s e  assumptions t h a t  a r e  made abov t  t h e  
r e l a t i v e  d e r i s i t i e s  o f  t h e  c o n s t i t u e n t s  a t  t h e  b a s e  of t h e  
exosphere and on t h e  assvmed t empera tu re  d i s t r i b u t i o n s .  

I n  S e c t i o n  111, t h e  s o l u t i o n  of t h e  problem o u t l i a e d  i n  
S e c t i o n  I1 i s  p r e s e n t e d .  I n  S e c t i o n  IV, t h e  r e s u l t s  of t h e  
t h e o r y  t o  be expec ted  on c e r t a i n  r e a s o n a b l e  assumptions about  
t h e  p h y s i c a l  p r o p e r t i e s  of t h e  exosphere  a r e  g i v e n .  Also i n  
t h i s  s e c t i o n ,  t h e  p r e d i c t i o n s  of t h e  t h e o r y  are compared w i t h  

t h e  r e s u l t s  of a number o f  o t h e r  workers  who have c o n s i d e r e d  
t h i s  problem from a t h e o r e t i c a l  p o i n t  of  v i e w  and t h e  main 
d i f f e r e n c e s  a r e  o u t l l n e d .  I n  p a r t i c u l a r ,  r e f e r e n c e  i s  made 
t o  t h e  c a l c u l a t i o n s  o f  Johnson (1960) ,  B a t e s  and P a t t e r s o n  
(1961) ,  Hanson ( 1 9 6 2 ) ,  Bauer (196;, 1963),  Rothwell  ( 1 9 6 2 ) ,  
Glidciori (1963), arid Hanson and P a t t e r s o n  (1963). Also i n  
S e c t i o n  IV, t h e  r e s u l t s  p r e d i c t e d  by t h e  t h e o r y  p r e s e n t e d  i n  
t h e  r e p o r t  a r e  compared wi th  a c t u a l  expe r imen ta l  o b s e r v a t i o n s  
which have been made i n  r e c e n t  y e a r s .  I n  p a r t i c u l a r ,  a 
comparison is made w i t h  t h e  r e s u l t s  p r e s e n t e d  by workers who 
have cons idered  d a t a  o b t a i n e d  from t h e  Aloue t t e  s a t e l l i t e  
( s e e ,  f o r  example, King (l963), Thomas a t id  Sade r  (1963) and 
r e f e r e n c e s  quoted t h e r e i n ) .  The  main conc lus ions  a r e  d e s c r i b e d  
2nd summarized i n  t h e  l a s t  s e c t i o n .  

11. THE PROBLEM A N D  THE ASSUMPTIONS 

The e l e c t r o n s  and i o n s  i n  t h e  e a r t h ' s  exosphere are a c t e d  
upon by a number of impor t an t  f o r c e s .  These i n c l u d e  t h e  g r a v i -  
t a t i o n a l  a t t r a c t i o n  toward t h e  e a r t h ,  t h e  c e n t r i f u g a l  f o r c e  
due t o  t h e  r o t a t i o n  of t h e  e a r t h  about  i t s  geographic  a x i s ,  
and t h e  f o r c e  due t o  t h e  e l e c t r i c  f i e l d ,  E ,  r e s L l t i n g  from 
t h e  tendency of e l e c t r o n s  t o  r i s e  w i t h  r e s p e c t  t o  t h e  
h e a v i e r  p o s i t i v e  i o n s  (Mange 1960) .  I n  t h i s  r e g i o n  of 
s p a c e ,  t h e  p a r t i c l e s  a r e  i n  d i f f u s i v e  e q u i l i b r i u m  and obey 
D a l t o n ' s  law of  p a r t i a l  p r e s s u r e s  s o  t h a t  each  c o n s t i t u e n t  has  
a p a r t i a l  p r e s s u r e  co r re spond ing  t o  t h a t  which it  would have i f  

i t  were t h e  on ly  c o n s t i t u e n t  p r e s e n t .  The d i s t r i b u t i o n  of 
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e l e c t r o n s  and i o n s  which would a r i s e  under  t h e  c i r cums tances  
o u t l i n e d  immediately above w i l l  be modif ied i f  t h e r e  i s  a g r a -  
d i e n t  of t empera tu re  a long a l i n e  of  f o r c e .  The r e s u l t i n g  
e f f e c t s  a r e  d iscussed  i n  d e t a i l  below. The main assumpt ions  
a r e  a s  fo l lows :  

1. 

2 .  

3 .  

4. 

5. 

6. 

7. 

8 .  

The upper  atmosphere, above 500 km, c o n s i s t s  of n e u t r a l  
p a r t i c l e s  t o g e t h e r  with a n e u t r a l  mix ture  o f  s i n g l y  
charged p o s i t i v e  i o n s  and e l e c t r o n s  only ,  and t h e s e  a r e +  
i n  d i f f u s i v e  equ i l ib r ium.  The p o s i t i v e  i o n s  a r e  Of, He 
and H f .  
The p a r t i a l  p re s su re  f o r  each s p e c i e s  i s  balanced by t h e  
e a r t h ’ s  g r a v i t a t i o n a l  and c e n t r i f u g a l  f o r c e s  and t h e  
e l e c t r i c  f i e l d  a r i s i n g  from charge  s e p a r a t i o n .  
The charged p a r t i c l e s  a r e  c o n s t r a i n e d  to move only  a l o n g  
t h e  l i n e s  of  f o r c e  so t h a t  t h e  d i s t r i b u t i o n s  a long  d i f -  
f e r e n t  l i n e s  of  f o r c e  a r e  q u i t e  independent  o f  each o t h -  
e r .  

No e l e c t r o n s  a r e  produced by t h e  a c t i o n  of  t h e  s u n ’ s  
i o n i z i n g  r a d i a t i o n s  above 500 km. 

The r a t e  a t  which e l e c t r o n s  recombine i s  so small i n  
comparison w i t h  o t h e r  e f f e c t s  t h a t  t h e  loss of e l e c t r o n s  
f rom t h i s  cause can be neg lec t ed  i n  t h e  c a l c u l a t i o n s .  
The a x i s  o f  r o t a t i o n  of  t h e  e a r t h  c o i n c i d e s  w i t h  t h e  
magnet ic  d i p o l e  a x i s .  
A d i f f e r e n c e  o f  tempera ture  can e x i s t  between t h e  n o r t h -  
e r n  and southern  hemispheres .  The r a t i o  Ts/’I” o f  t h e  
t empera tu res  i n  t h e  sou the rn  and n o r t h e r n  hemispheres  
r e s p e c t i v e l y  i s  not g r e a t e r  t h a n  1.5, c o n s i s t e n t  w i t h  
s a t e l l i t e  drag obse rva t ions  [King-Hele and Walker (1960)l. 
The r e l a t i v e  d e n s i t i e s  o f  0 , He and H a r e  known a t  
t h e  r e f e r e n c e  l e v e l  a t  500 km. 

+ + + 

The c a l c u l a t i o n s  descr ibed  i n  t h e  subsequent  pa rag raphs  

a r e  aimed a t  d e r i v i n g  t h e  r e s u l t i n g  e l e c t r o n  d i s t r i b u t i o n s  a -  
long a l i n e  o f  f o r c e .  
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111. T H E O R E T I C A L  FORMlTLATION O F  T H E  S O L U T I O N  

A .  F O R C E  ON U N I T  MASS 
-t 

The t o t a l  f o r c e  g a c t i n g  on a u n i t  mass a t  a point A, 

r e p r e s e n t e d  by t h e  c o o r d i n a t e s  (r, e ) ,  ( e o ,  e )  o r  ( e o J  s )  
( F i g .  l), i s  g iven  by 

- 
f 

FIG. 1. GRAVITATIONAL AND CENTRIFUGAL FORCES (2 and 7 ) ACTING ON UNIT MASS 
LOCATED AT THE POINT A DEFINED BY ONE OF THE~COORDI~ATE PAIRS (r , e > ,  ( e o ,  e )  
OR (e,,s). 
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-L 
where go i s  t h e  total f o r c e  on a u n i t  mass a t  t he  r e f e r e n c e  
l e v e l  ro a t  t h e  p o l e s ,  0 i s  t h e  a n g u l a r  v e l o c i t y  o f  r o t a -  
t i o n  of  t h e  e a r t h  about  t he  geographic  a x i s ,  f and f, a r e  

t h e  g r a v i t a t i o n a l  and c e n t r i f u g a l  f o r c e s  r e s p e c t i v e l y ,  
and ux a r e  u n i t  v e c t o r s  i n  t h e  d i r e c t i o n s  of  r and x, re-  
s p e c t i v e l y ,  and t h e  d i s t a n c e  s i s  measured a l o n g  a l i n e  of  
f o r c e  ( F i g .  1). It i s  c l e a r  t h a t  t he  f o r c e  on t h e  u n i t  mass 
when i t  i s  ove r  t h e  p o l e s  a c t s  toward the c e n t e r  of  the  e a r t h ,  
and t h a t  a t  some p a r t i c u l a r  p o i n t s  which may be determined on 
each s i d e  of t h e  e a r t h  i n  t h e  e q u a t o r i a l  p l a n e , t h e  f o r c e s  
and f c  become e q u a l  and o p p o s i t e .  I n  f a c t ,  i t  i s  p o s s i b l e  
to d e f i n e  a curve  where the  magnitudes of  t h e  two f o r c e s  ( b u t  

not t h e i r  d i r e c t i o n s ,  except  on t h e  e q u a t o r i a l  p l a n e )  a r e  e-  

* - 
c g 
ur - 

t 

fg  - 
q u a l .  

a r e  e q u a l  i n  magnitude ( cu rves  AB). T h e  magni tudes of  f 
and f c  and t h e  r e s u l t a n t  f o r c e  g ( r , 0 )  on a u n i t  mass a r e  
drawn to s c a l e  i n  F ig .  2 f o r  d i f f e r e n t  p o s i t i o n s  a l o n g  a l i n e  

+ t 

Figure  2 snows t n e  iocus  of p o i n t s  f o r  which f and g -  
g f * 

of  f o r c e  through 70 degrees  geomagnetic l a t i t u d e .  If it i s  
assumed t h a t  charged p a r t i c l e s  can move on ly  a l o n g  t h e  l i n e s  
o f  f o r c e  of  t h e  e a r t h ' s  magnetic f i e l d ,  t h e n  i t  becomes impor- 
t a n t  to c o n s i d e r  t he  way i n  which the  r e s u l t a n t  f o r c e  

o b t a i n e d  by c o n s i d e r i n g  only t h e  r e s o l v e d  component o f  g ( r , 0 )  
a l o n g  t h e  d i r e c t i o n  of  t he  e a r t h ' s  l i n e s  o f  f o r c e  v a r i e s  i n  
space ( F i g .  2 ) .  The loci o f  p o i n t s  a t  which f(r,f3) i s  z e r o  
a r e  shown a s  t h e  broken curves ( C D )  i n  F i g .  2 .  R e f e r r i n g  to 
F i g .  1 and Eq. (l), i t  i s  c l e a r  t h a t  the  a l g e b r a i c  v a l u e  o f  
t h i s  f o r c e  f ( w r i t t e n  without  the a r row)  i s  g i v e n  by 

c 
f ( r , e )  
+ 

t 

From:Fig. 1, i t  i s  seen  t h a t  

(3a 1 2 t a n  0 - 2 s i n  0 - -  t a n  CY - cos  9 = s i n  CY = 
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F; 
Y 
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= coscY(sine + tana, cos  0 )  

where (Y i s  the  magnetic d i p  a t  ( r , e ) ,  g i v e n  by 

t a n  CY = 2 t a n  8 

S u b s t i t u t i n g  t h e  above va lues  i n  (2), changing t h e  v a r i a b l e s  

( r , 0 )  t o  
r e f e r e n c e  l e v e l  To, and u s i n g  ( A l )  of Appendix A :  

( e o , O )  where Bo i s  t h e  geomagnetic l a t i t u d e  a t  t h e  

Equat ion  ( 4 )  g i v e s  t h e  r e s u l t a n t  f o r c e  r e s o l v e d  a l o n g  the  d i -  

r e c t i o n  o f  t he  e a r t h ' s  magnetic f i e l d  l i n e ,  a r i s i n g  from t h e  
combined a c t i o n  of t h e  e a r t h ' s  c e n t r i f u g a l  and g r a v i t a t i o n a l  
f o r c e s .  It i s  c l e a r l y  a f u n c t i o n  of t h e  geomagnetic l a t i t u d e  

r e f e r e n c e  l e v e l ,  and o f  t h e  d i s t a n c e  from t he  e a r t h ' s  s u r f a c e  
t o  t h e  p o i n t  under  c o n s i d e r a t i o n  a s  r e p r e s e n t e d  by t h e  c o o r d i -  
n a t e  8 ,  F i g .  1. A s  w i l l  be seen  l a t e r ,  the  p r e c i s e  way i n  
which t h i s  f o r c e  v a r i e s  from p o i n t  to p o i n t  i n  space  i s  ex- 
t r e m e l y  impor tan t  f o r  t h e  p h y s i c s  of t h e  exosphere .  

a t  which t h e  l i n e  of f o r c e  under  c o n s i d e r a t i o n  c r o s s e s  t h e  

B. DERIVATION O F  EQUILIBRIUM DISTRIBUTIONS 

There i s  s t r o n g  evidence b o t h  on t h e o r e t i c a l  grounds 
[ N i c o l e t  (1961)] and on expe r imen ta l  grounds [ e . g .  Hanson 

(1962)l f o r  supposing t h a t  t h e  main i o n i z e d  c o n s t i t u e n t s  of 
t h e  upper  atmosphere above t h e  peak of t h e  F2 l a y e r  a r e  e l e c -  
t r o n s ,  t o g e t h e r  w i t h  oxygen, he l ium and hydrogen i o n s  i n  t he  
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atomic s t a t e .  I n  t h e  a n a l y s i s  d e s c r i b e d  below, i t  i s  assumed 

t h a t  these a r e  t h e  only  i o n i z e d  c o n s t i t u e n t s  and t h a t  no neg- 
a t i v e  i o n s  a r e  p r e s e n t ,  so t h a t  t h e  atmosphere c o n s i s t s  of 
n e u t r a l  p a r t i c l e s  and a n e u t r a l  mix ture  of 0 , H e  , and H', 
and e l e c t r o n s  i n  d i f f u s i v e  e q u i l i b r i u m .  The i o n s  w i l l  be re-  
f e r r e d  t o  by s u b s c r i p t s  i and e l e c t r o n s  by s u b s c r i p t s  e .  
It i s  assumed t h a t  t h e  l i n e s  of  f o r c e  a c t  a s  b a r r i 5 r s  a c r o s s  
which charged p a r t i c l e s  cannot f l o w .  It i s  i n s t r u c t i v e  t o  con- 
s i d e r  t h e  v a r i a t i o n  of p a r t i a l  p r e s s u r e  a l o n g  a t u b e  of f o r c e .  
We can t h e n  w r i t e  

+ + 

dpe = -menef d s  - neeEds 

dpi = -m.n.f d s  + n.eEds 
1 1  1 

] (5) 

where t h e  f i e l d  E ( F i g .  3 )  a r i s e s  from t h e  sma l l  s e p a r a t i o n  
between charges  due t o  t h e  f a c t  t h a t  e l e c t r o n s  a r e  l i g h t e r  
t h a n  t h e  p o s i t i v e  i o n s  and, t h e r e f o r e ,  t end  t o  move upwards 

[Mange (1960)l. 

FIG. 3. TO ILLUSTRATE AN ELEMENT OF VOLUME TAKEN ALONG A LINE OF FORCE. 
The par t ia l  pressures of the ions  and e l ec trons ,  P i  and PeJ and the 
electric f i e l d  E (Mange 1960) are a l s o  shown. 
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I n  t h e s e  e q u a t i o n s ,  me and mi a r e  t h e  mass of  t h e  
e l e c t r o n  and of t h e  i t h  ion, ne and ni a r e  t h e  e l e c t r o n  
and i t h  i o n  d e n s i t i e s ,  e i s  t h e  e l e c t r o n i c  charge,  and pe 
and pi r e p r e s e n t  t h e  p a r t i a l  p r e s s u r e s  o f  t h e  e l e c t r o n s  and 
t h e  i t h  i o n s ,  r e s p e c t i v e l y .  It i s  assumed ( F i g .  3 )  that t h e  
p r e s s u r e  changes over  a small  volume conta ined  w i t h i n  t h e  tube  
of  f o r c e  by an  amount dp over  t h e  d i s t a n c e  d s  measured a -  
long  t h e  l i n e  o f  f o r c e .  The d i r e c t i o n  of t h e  e l e c t r i c  f i e l d  
E i s  a s  shown i n  F ig .  3.  It should be noted t h a t  t h e  g r a d i -  
e n t  of p a r t i a l  p r e s s u r e  changes d i r e c t i o n  acco rd ing  to whether 
t h e  p o i n t  under  c o n s i d e r a t i o n  i s  i n s i d e  or o u t s i d e  t h e  l i n e s  
marked CD i n  F ig .  2 .  From D a l t o n ' s  law f o r  t h e  p a r t i a l  p r e s -  
s u r e s  o f  t h e  c o n s t i t u e n t s  o f  a g a s  i n  d i f f u s i v e  equ i l ib r ium,  
we know t h a t  each c o n s t i t u e n t ,  i n  t h i s  case  each i o n  s p e c i e s ,  
and t h e  e l e c t r o n s ,  has a p a r t i a l  p r e s s u r e  co r re spond ing  to t h a t  
which i t  would have i f  i t  were t h e  only  c o n s t i t u e n t  p r e s e n t .  
We may t h e n  w r i t e  

I Pe = n e m e  

pi = n i m i  

Te and Ti r e f e r  to t h e  e l e c t r o n  and i o n  t empera tu res  r e -  
s p e c t i v e l y ,  and i n  t h e  subsequent t heo ry  it i s  assumed t h a t  
t h e s e  can be d i f f e r e n t .  Since t h e  atmosphere a t  every  p o i n t  
i s  t aken  to be e l e c t r i c a l l y  n e u t r a l ,  we may w r i t e  

ne = C ni 
i 

which l e a d s  to 

P i  p e  
Te i Ti 

- c -  - -  

s o  t h a t  
d P i  

Te i Ti 
- -  - c -  dPe 

- 9 -  

(7) 

(9) 
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From E q s .  (5) and (9) the electric field can be calculated: 

mini ni 
Te Te i Ti i Ti 

fds + eE C - ds fds - eE - ds = C - - ne mene - -  

mene m n  i i  z r - -  rn 
I I 

. f  i i  e 
ne r + C r  i n eE = 

le i "i 
m I e c -  mini , T, - mene 

. f  I I  eE = 
T .  e n + C -  T, ni 

Since m t 1850 me and TeDi 2 1 the last expression can 
be simplified to give 

i 

n m  E -  

T 2 

Te 
i Ti 

C e  
ne+i ~i ni 

. f = -  m+ f 
i i  

eE = 

where m+ is the "temperature-weighted ion mass average" 

T 
c 2 n.m i i  i Ti 

e T 
ne+ i T n i  

m+ =. 2 

Using (10) in (5): 

m+ dp e = -n,(me+ F )  f ds 

dp.= -n.(m - -) f ds 1 i i 2  
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From (ll), if T e P i  2 1 t h e n  

C nimi 

C n, 2 1  2 m+ C n, 
I i I i 

and t h u s  w e  may w r i t e  ( 1 2 )  a s  

m+ dpe - - - n e 2- f dS  

m+ dpi = - n. (m - -) f d s  i i  2 

From Eq .  ( 6 )  we may :hen w r i t e  

dpi = kd ( niTi) 

and 

Equa t ions  (15) have a number of impor t an t  consequences,  which 
a r e  d i s c u s s e d  be low.  It shou ld  be  no ted  t h a t  i f  a c o n s t a n t  
t empera tu re  i s  assumed a long  a l i n e  of f o r c e  f o r  b o t h  t h e  
e l e c t r o n s  and i o n s ,  Equat ions (15) show t h a t :  

i s  always g r e a t e r  t h a n  ze ro ,  t h e  e l e c t r o n  
d e n s i t y  m$ e c r e a s e s  w i t h  s and t h u s  a l s o  w i t h  h e i g h t .  

1. Since  

2 .  If m. > m+/2, t h e  i o n  d e n s i t y  ni d e c r e a s e s  w i t h  s 
T h i s  c o n d i t i o n  i s  always s a t i s -  and t h u s  w i t h  h e i g h t .  

f i e d  by t h e  h e a v i e s t  c o n s t i t u e n t  and a l s o  by a l i g h t  
c o n s t i t u e n t  if it ,  o r  a s t i l l  l i g h t e r  one i s  s t r o n g l y  
Predominant (see F ig .  4, page 2 1 ) .  
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3. If m. < m+/2, t h e  i o n  d e n s i t y  n .  i n c r e a s e s  w i t h  s 
and thus  with he ight .  
u e n t  i n  t h e  presence  of a predominant h e a v i e r  one .  

no t  b$ t h e  h e a v i e s t )  p a s s e s  th rough  a maximum. 

T h i s  happehs w i t h  a l i g h t  c o n s t i t -  

4 .  If m. = m+/2, t h e  i o n  d e n s i t y  of c o n s t i t u e n t  i (can -  

These e q u a t i o n s  a r e  b a s i c  and c o n t a i n  t h e  e s s e n t i a l  i n -  

fo rma t ion  about t h e  d i s t r i b u t i o n  of b o t h  e l e c t r o n  and t h e  i o n  
d e n s i t i e s  w i t h  h e i g h t .  I n  o r d e r  t o  s o l v e  them to o b t a i n  t h i s  

d i s t r i b u t i o n ,  however, it i s  n e c e s s a r y  t o  make a number of 
changes of v a r i a b l e  t o  s i m p l i f y  t h e  mathemat ics .  For conven- 
i e n c e ,  d i s t a n c e s  a l o n g  a l i n e  of f o r c e  w i l l  be measured from 
a r e f e r e n c e  l e v e l  a t  a d i s t a n c e  ( F i g .  1) from t h e  c e n t e r  

of t h e  e a r t h .  All q u a n t i t i e s  measured a t  t h i s  l e v e l  w i l l  be 
i n d i c a t e d  by t h e  s u b s c r i p t  z e r o .  I n t e g r a t i n g  E q s .  (15) be- 
tween t h e  l i m i t s  s = 0 and s = s t ,  t h e  e l e c t r o n  and i o n  
d e n s i t i e s  a t  t h e  d i s t a n c e  s' f r o m  t h e  r e f e r e n c e  l e v e l  a l o n g  
t h e  l i n e  of f o r c e  a r e  g iven  by 

ro 

n T  i o  i o  
= exp r . 0  

i n  which t h e  i o n  and e l e c t r o n  t e m p e r a t u r e s  must be g i v e n  a s  
f u n c t i o n s  of s .  

I n  the  above i n t e g r a l s  i t  i s  convenient  t o  s e p a r a t e  the  
e f f e c t s  of  T and f ,  a s  f o l l o w s :  

0 eo 

z 
J e m+dz e 

g0 
2kTeo o 
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I n  t h e s e  e q u a t i o n s ,  z and z a r e  t h e  " tempera ture-  e i 
modif ied g e o p o t e n t i a l  h e i g h t s "  for e l e c t r o n s  and each i o n  
s p e c i e s  r e s p e c t i v e l y  and a r e  de f ined  by 

d s  f 
e go Te 
-- d z  = 

d s  f d z i  = -- 
go Ti 

(18) 

from which w e  get ,  s e t t i n g  z e  = z = 0 a t  t h e  r e f e r e n c e  l e v -  
e l  s = 0, 

i 

f s=s ' 
s=o 

2 = J  - e 

f ,s=s 1 

s=o 
z = I  - i .  

Thus, i f  Teo/ ' l le(s)  i s  t o  be d i f f e r e n t  from Tio/ ' l l i(s) ,  
t h e n ,  a t  a p o i n t  s t ,  t he  q u a n t i t i e s  z e  and z have d i f f e r -  

e n t  v a l u e s .  
i 

Equat ions  (16 )  can now be w r i t t e n  i n  terms of the  temper- 
a tu re -mod i f i ed  g e o p o t e n t i a l  h e i g h t s  z and z i  a s :  e 
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i o  n . ( s ' )  = n 1 

i o  = n  

where 

i o  T 

-0 1 

T.0 
1 

exp[-  - go I 
*io c 

i s  t h e  s c a l e  h e i g h t  o f  t h e  non- ionized  a tomic  s p e c i e s  i, a t  
the  r e f e r e n c e  l e v e l .  

I n  Eq. ( 2 0 ) ,  n , ( s ' )  and n i ( s t )  a r e  g i v e n  i n  te rms  of 
i n t e g r a l s  i n  m+ 
r e s p e c t  t o  z and z i .  To e l i m i n a t e  m+ a r e l a t i o n s h i p  must 
be e s t a b l i s h e d  between ze and z i .  Equa t ions  (19)  show t h a t  
t h i s  can be accomplished e i t h e r  by knowing Teo/'Te and 
T i o n i  a s  f u n c t i o n s  of s or by assuming 

[g iven  by Eq. (ll), and s t i l l  unknown] w i t h  

e 

T h i s  means t h a t  t h e  e l e c t r o n s  and a l l  t he  i o n s  have the  same 
t empera tu re  v a r i a t i o n  w i t h  s ,  the d i s t a n c e  a l o n g  a l i n e  o f  
f o r c e .  If E q .  ( 2 1 )  a p p l i e s ,  t h e n  we may w r i t e  (19)  a s  

s=s' 
rO t ( S )  d s  

s=o g, = . r  z e = z  i = z  

Thus, t he  e l e c t r o n  and i o n  d e n s i t i e s  can be w r i t t e n  i n  
te rms  of t h e  same z a s :  

n e ( s l >  = n e o t ( s ' )  exp[- 2 m e o  go 0 m+dz] } ( 2 3 )  
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Because o f  charge  n e u t r a l i t y ,  

n e ( s f >  = c ni = c n i o t ( s f )  exp[- Z r]exp[21cT go m+dz]](24) 
i i 1 i o  o 

The l a s t  e x p o n e n t i a l  can be c a l c u l a t e d  from the  f i r s t  of  
Eqs .  ( 2 3 ) :  

go 
Z 

exp[ 2kTioG go 1 rn+dz] = e x p [ F  

c 
t ( s ' )  ] 

where 

Equat ion  (24 )  becomes : 

Z 

- q) [m t ( s 9 1  
n e ( s f )  = c n i o t ( s ' )  exp(  

e 

l+ci exP(-  TNgyq) Z n eo cil (27)  
1 

or: i i 
n , ( s ' )  

- - 1 n eo f i o t ( s l )  i 

Normalizing t h e  i o n  d e n s i t i e s  a t  t h e  r e f e r e n c e  l e v e l  to + the  va lue  f o r  the h e a v i e s t  i o n  ( 0  ), w e  w r i t e  
n 

- c Ti = q +v +I eo 
l o  i 

11 

1 2 3  
v = - -  

n 
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where 

72 = n20/nlo 

so  t h a t  7 i s  t h e  e l e c t r o n  d e n s i t y  d i v i d e d  by the  oxygen i o n  

d e n s i t y  a t  the  r e f e r e n c e  l e v e l .  
Equat ion ( 2 7 )  becomes 

f 
l+ci ; c 1 Tl,t(s') 

I n  this equa t ion ,  t h e  t h r e e  f i r s t  f a c t o r s  i n  t h e  summa- 
t i o n  a r e  known, and t h e  e q u a t i o n  must be so lved  f o r  ( n e ( s l ) /  

nee). 

t r o n  tempera ture  a t  t h e  r e f e r e n c e  l e v e l  a r e  t he  same f o r  a l l  
i o n s ,  t h a t  i s :  

Suppose now t h a t  the  r a t i o s  o f  i o n  t empera tu re  to e l e c -  

c .  = - c  i = 1, 2, 3 - -  

Then E q .  (29)  becomes 

1+c 
) = t ( s l )  

from which we g e t ,  f i n a l l y ,  t h e  e l e c t r o n  d e n s i t y  
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From t h e  second of Eqs.  ( 2 3 )  and ( 2 5 )  we get the i o n  
d e n s i t i e s :  

n 

The i o n  d e n s i t y  may a l s o  be r e f e r r e d  t o  the e l e c t r o n  d e n s i t y  
a t  t h e  r e f e r e n c e  l e v e l  by Eqs.  ( 2 8 )  so t h a t  

O r ,  u s i n g  Eq .  (31),  

C 
i+c (34) 1- eo z ;i 

n , ( s f )  1, T 
I' 

Z exp(  - -4 
n eo Hi vi exp( -  -1 

Hi 

The d i s t r i b u t i o n  o f  e l e c t r o n s  and i o n s  f n  the exosphere  a r e  

g i v e n  by t h e  Eqs. (31) and (33) i n  terms o f  t h e  v a r i a b l e  z , 
the  temperature-modif ied g e o p o t e n t i a l  h e i g h t  d e f i n e d  by Eq. 

( 2 2 ) .  These e q u a t i o n s  provide  u s  w i t h  t he  i n f o r m a t i o n  we r e -  
q u i r e  t o  g i v e  the d i s t r i b u t i o n  of  e l e c t r o n s  and i o n s  a l o n g  a 
l i n e  o f  f o r c e ,  and hence,  v e r t i c a l  p r o f i l e s .  It i s  shown i n  
S e c t i o n  V t h a t  t h e s e  g e n e r a l  s o l u t i o n s  reduce  t o  the  e q u a t i o n s  
g i v e n  by Bauer (1962) f o r  t h e  p a r t i c u l a r  c a s e s  he  c o n s i d e r s .  
The d e r i v e d  d i s t r i b u t i o n  Eqs.  (31 ) ,  (33),  and (34 )  a r e  d i s -  

cussed  i n  d e t a i l  below. 

C .  FORM OF SOLUTION FOR EQUILIBRIUM I O N  AND ELECTRON DENSITIES 

For t he  c a s e  i n  which t h e  i o n  and e l e c t r o n  t empera tu res  a r e  
e q u a l  a t  t h e  r e f e r e n c e  l e v e l  [and hence, elsewhere, by Eq. (21)], 
we have C = l  and Eq. (31 )  becomes 

1 

- 17 - 

(35) 
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If t h e  e l e c t r o n  tempera ture  i s ,  Say, tw ice  t h e  i o n  t empera tu re ,  

C = 2  and 

It i s  c l e a r  t h a t  if such a d i f f e r e n c e  between i o n  and e l e c t r o n  
tempera tures  o c c u r s ,  t h e n  t h e  e l e c t r o n  d e n s i t i e s  may be changed 
by a f a c t o r  o f  10 a t  very  high a l t i t u d e s .  

t h a t  Teo/Te( s )=1, t h e n  
I f  the  tempera ture  a l o n g  a l i n e  of f o r c e  i s  c o n s t a n t  so 

From E q .  ( 34 )  we have t h e  r a t i o  of d e n s i t i e s  of two i o n s :  

i T i  Z Z 

j 

n 
n - exp(  - - -) - -  - 

j Hi H 

Hi - H .  J ,  v i  
HiH = - exp(z  

l j  
(37)  

i j  The ion d e n s i t i e s  w i l l  be e q u a l  a t  a va lue  o f  z =z 
def ined  by 

HiH . T 
z =  I n  -I 
i j  Hi - J H j  T i  

( 3 8 )  

Since  t h e  s u b s c r i p t s  1, 2 ,  and 3 r e f e r ,  resPeCt ive lY,  t o  
+ + 0 , H e  , and H', t h e  s c a l e  he ights  a r e  

H3 = 16 H1 
(39) 

- 18 - 



Hence, t h e  v a l u e s  of z a t  which n1=n2, nl=n3, and 
n -n a r e ,  r e s p e c t i v e l y ,  from e q u a t i o n s  (38 ) :  

2- 3 

+ 4 z 12 (O+-He ) = - - H  3 1  lnl12, > 0 if! q2 < 1 

z13 (0’- H+) ( 4 0 )  
16 

= - - 15 H 1 lnr13, > 0 i f  q3 

(He-H ) = - - H H n - , > O i f 7 \  + +  16 T3 
z23 3 1 72 

Thus, two i o n s  w i l l  have the same d e n s i t y  a t  some h e i g h t  
above t h e  r e f e r e n c e  l e v e l  i f ,  at t h e  r e f e r e n c e  l e v e l ,  the 

h e a v i e r  one i s  more abundant .  Also, from E q .  (37), a t  z 
l a r g e r  t h a n  z i j ,  t h e  ion i w i l l  have h i g h e r  d e n s i t y  than  
t h e  i o n  j i f  i t  i s  l i g h t e r .  Due t o  t h i s  f a c t ,  the z i j ,  
de f ined  by Eqs.  ( 4 0 )  a r e  c a l l e d  t r a n s i t i o n  v a l u e s  of z, 
and t h e s e  a r e  i n d i c a t e d  i n  t h e  same e q u a t i o n s .  

It i s  i n t e r e s t i n g  t o  c o n s i d e r  t h e  c o n d i t i o n s  f o r  which 
+ +  + + t h e  t r a n s i t i o n  He-H happens above the  t r a n s i t i o n  0-He . 

From Eqs. (40 )  t h i s  c o n d i t i o n  i s  

0.8 7, ’ J3 

The d i s t r i b u t i o n  of e l e c t r o n  d e n s i t y  a s  a f u n c t i o n  o f  
z (31)  may t h u s  be w r i t t e n  [ u s i n g  ( 3 9 ) ]  

1 
exp(  -x )+q2exp( -x /4)+v3exp( -x /16) 1+C I-( 42 1 

T 
n e b ’  1 - 

ne o -+I ll 

where 
Z x = -  
H1 

- 19 - 

(43 )  
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1. I f  t h e  r e f e r e n c e  l e v e l  i s  1 0 W  enough so  t h a t  t h e  
i s  s t rong ly  predominant t h e r e ,  t h e n  

0' 

} (44) 

For low va lues  o f  x the e x p o n e n t i a l s  i n  ( 4 2 )  a r e  c l o s e  
to u n i t y ,  and we have 

Thus, a p a r t  from t h e  f a c t o r  T o / T e ( ~ I ) ,  t h e  e l e c t r o n  
d e n s i t y  v a r i e s  e x p o n e n t i a l l y  ifi z, w i t h  s c a l e  h e i g h t  
(l+C)H1. 

( 4 3 )  become much s m a l l e r  t h a n  t h e  t h i r d ,  so t h a t  t h e y  
can be d i s r ega rded  and 

2 .  For l a r g e  va lues  of  x t h e  two f i r s t  e x p o n e n t i a l s  i n  

Apart  from t h e  f a c t o r  T /T ( s f  ), t h e  e l e c t r o n  d e n s i t y  
p r e s e n t s ,  a s  a f u n c t i o n  &? E ,  an  e x p o n e n t i a l  behavior ,  
w i t h  s c a l e  h e i g h t  (l+C) H3, and an asymptot ic  va lue  

f o r  z=o.  

For the  case  C=l, t h e  e l e c t r o n  and i o n  d i s t r i b u t i o n s  
c a l c u l a t e d  a s  a f u n c t i o n  o f  z from (31) and (33)  r e spec -  

t i v e l y  a r e  shown i n  F i g .  4, f o r  T=lOOO°K, T2=0.02 and 
7\ 3- -0.0016 [Bauer (1963) l .  The dependence of ne and ni 
on a l t i t u d e  i s  i m p l i c i t  i n  t h e s e  cu rves  o f  F i g .  4 th rough t h e  
dependence on z ( s e e  F ig .  5, p .  25) .  A d i s c u s s i o n  o f  t h e  

SEL-63-110 - 20 - 
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r e s u l t i n g  e l e c t r o n  and i o n  d e n s i t y  d i s t r i b u t i o n s  a s  a f u n c t i o n  
of h e i g h t  i s  d e f e r r e d  t o  S e c t i o n  IV. The c u r v e s  of F i g .  4, 
however, a r e  q u i t e  fundamental  t o  a n  u n d e r s t a n d i n g  of the  pro-  
c e s s e s  involved i n  t h e  t h e o r y  of the  exosphe-re and the  curve  
for ne a s  a f u n c t i o n  of z i s  t h e  same a s  t h a t  g iven  by 
Bauer (1963).  The q u a n t i t y  z i s ,  however, i n  t h e  p r e s e n t  
work g i v e n  a d i f f e r e n t  meaning from t h a t  used by Bauer,  s i n c e  
i t  c o n t a i n s  a dependence on t empera tu re  and c e n t r i f u g a l  f o r c e .  
The r e s u l t i n g  d i f f e r e n c e s  p r e d i c t e d  by t h e  t h e o r y  p r e s e n t e d  
h e r e  compared w i t h  t h e  r e s u l t s  g iven  by Bauer (1963) and o t h e r s  
a r e  d i scussed  i n  S e c t i o n  V. 

Using Eq. (33)  i t  i s  seen t h a t ,  f o r  C=l, 

Hence, t h e  geomet r i ca l  mean of (ni/neo) and (ne /neo)  i s  t h e  
q u a n t i t y  i n  p a r e n t h e s e s .  For a n  i s o t h e r m a l  exosphere ,  t h i s  

q u a n t i t y  happens t o  have a l i n e a r  v a r i a t i o n  w i t h  z , when 
p l o t t e d  on semi-log paper ,  w i t h  s c a l e  h e i g h t "  2Hi and p a s s -  
e s  th rough the  p o i n t  ,/-- a t  

s i t i e s  from t h e  e l e c t r o n  d e n s i t y ,  i n  F i g .  4 .  More d e t a i l s  a r e  
g i v e n  i n  Appendix B. 

of (31) and (34)  i s  to be found i n  the d e r i v a t i o n  of t h e  

q u a n t i t y  z . T h i s  i s  d i s c u s s e d  i n  t h e  n e x t  s e c t i o n .  

11 

z =O. 
T h i s  important  p r o p e r t y  was used to o b t a i n  t h e  i o n  den- 

The main source  of d i f f i c u l t y  i n  o b t a i n i n g  t h e  s o l u t i o n s  

SEL-63 -1 10 - 22 - 



D. CALCULATION O F  TEMPERATURE-MODIFIED GEOPOTENTIAL HEIGHT z 

It w i l l  be r e c a l l e d  t h a t  the  q u a n t i t y  z i s  de f ined  by 

I n  o r d e r  to e v a l u a t e  z it i s  necessa ry  to t r a n s f o r m  the 
v a r i a b l e  of  i n t e g r a t i o n  i n  t h e  above e q u a t i o n  from s to E, 

where i s  t h e  geomagnetic l a t i t u d e  o f  t he  p o i n t  concerned 
o n  the  l i n e  of f o r c e .  I n  Appendix A i t  i s  shown t h a t  t he  
element of  d i s t a n c e  d s  a l o n g  the  l i n e  of' f o r c e  may be w r i t -  
t e n  i n  terms o f  t h e  subtended a n g u l a r  increment  d e  by t h e  
r e l a t i o n s h i p  

-r 
d s  = O 2 c o s  e 41+3 s i n 2 e  de (48) 

0 
cos e 

S u b s t i t u t i n g  f o r  d s  f r o m  (48 )  and f o r  f from ( 4 )  i n  t h e  

above e x p r e s s i o n  f o r  z and u s i n g  ( A 4 ) ,  Appendix A ,  we have 

n 

4 z 
ro c o s  0 cosg - - 7 cosy]dB 

go cos  eo 
- ' 0  

- s,, T p - ) -  

where C O S B  i s  g i v e n  by ( 3 a )  and COSY 

Thus 

n h C 

2c0sz00 3 s f r o c o s ~ ~  I d e  ' 0  s i n , [  - 
= s,, T,o C O S  e g 0 ~ ~ s 4 ~ 0  

- 23 - 

(50) 
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s i n c e  

T h i s  expres s ion  f o r  z , t h e  tempera ture-modi f ied  geopoten-  
t i a l  h e i g h t ,  i f  s u b s t i t u t e d  i n  Eqs.  (31) and (34 )  w i l l  g i v e  
t h e  d e n s i t y  d i s t r i b u t i o n  of e l e c t r o n s  and i o n s  a long  a l i n e  
of  f o r c e  f o r  any g iven  t empera tu re  d i s t r i b u t i o n  a l o n g  a l i n e  
o f  f o r c e .  I n  g e n e r a l ,  the  e q u a t i o n  w i l l  have to be computed 
numer i ca l ly  on a d i g i t a l  computer.  It i s  i n t e r e s t i n g  t o  n o t e ,  
however, t h a t  i n  t h e  c a s e  of  a c o n s t a n t  t empera tu re  a l o n g  a 
l i n e  of  f o r c e  SO t h a t  T e ( 0 )  = Teo w e  have 

d e  - 2 ~ ' o  s i n e  
3 

e l  C O S  e 
z ( e o , e l )  = 2rocos 8 

0 

s o  t h a t  i n  the s imple c a s e  of an  i s o t h e r m a l  a tmosphere z 
h a s  a n  a n a l y t i c a l  s o l u t i o n .  

i n  F i g .  5 for d i f f e r e n t  l a t i t u d e s .  If t h e  c e n t r i f u g a l  f o r c e  
i s  d i s r e g a r d e d ,  z i s  a f u n c t i o n  o f  a l t i t u d e  on ly  and i s  
independent  o f  l a t i t u d e  ( c u r v e  a t  r i g h t ) .  It approaches  a 
l i m i t i n g  value ( e q u a l  to the  d i s t a n c e  from t h e  r e f e r e n c e  l e v e l  
to t he  c e n t e r  o f  t he  e a r t h )  a s  t h e  a l t i t u d e  goes  t o  i n f i n i t y .  
I n c l u s i o n  of t he  c e n t r i f u g a l  f o r c e  i m p l i e s  a d e c r e a s e  i n  z , 
e s p e c i a l l y  a t  h igh  a l t i t u d e s  and low l a t i t u d e s .  The q u a n t i t y  
z 
f o r  low l a t i t u d e s  and approximate ly  8 e a r t h  r a d i i  f o r  h i g h e r  
l a t i t u d e s .  

The r e s u l t a n t  v a r i a t i o n  of z w i t h  a l t i t u d e  i s  shown 

t h e n  has  a maximum va lue  a t  approximate ly  6 e a r t h  r a d i i  
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FIG. 5. VARIATION OF TEMPERATURE-MODIFIED GEOPOTENTIAL HEIGHT, 
z ,  WITH ALTITUDE, h, FOR AN ISOTHERMAL EXOSPHERE. 
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It should be  no ted ,  of cour se ,  t h a t  i n  Eqs.  (31) and (34)  
i t  i s  p o s s i b l e  f o r  t h e  t empera tu re  a l o n g  d i f f e r e n t  l i n e s  of 
f o r c e  to be d i f f e r e n t  and t o  be d i s t r i b u t e d  a l o n g  each  l i n e  
of  f o r c e  i n  a d i f f e r e n t  way. A S  s t a t e d  above, the Eqs.  (31) 
and (34 )  i n  c o n j u n c t i o n  w i t h  t h e  g e n e r a l  r e l a t i o n s h i p  ( 5 0 )  may 
be used to compute t h e  p r o f i l e  Of  e l e c t r o n  d e n s i t y  a l o n g  a l i n e  
of f o r c e .  I f ,  however, w e  r e q u i r e  on ly  the  r a t i o  of e l e c t r o n  
d e n s i t i e s  i n  t h e  n o r t h e r n  and s o u t h e r n  hemispheres  a t  t h e  base  

l e v e l  ( s e e  s e c t i o n  E below),  t h e n  i t  i s  u s e f u l  to c o n s i d e r  t h e  
form of Eq. (51) when 8 '  i s  sma l l  so t h a t  t h e  p o i n t  ( e o , O 1 )  

l i e s  n e a r  t he  e q u a t o r i a l  p l a n e .  For elZ0 t h e  v a l u e  zm of  
z from (51) becomes 

2 
ro [ [ l -cos  e o  + - r o (  cos  2 eo- --I 1 I 2go C O S  eo  

z ( e o , e l )  = z ( 8  ) = m o  

E. CALCULATION 
POINTS 

( 5 2 )  

OF RATIO OF ELECTRON DENSITIES AT CONJUGATE 

A t t e n t i o n  w i l l  be g i v e n  now t o  a r a t h e r  i n t e r e s t i n g  con- 

sequence of t h e  t h e o r y  p r e s e n t e d ,  namely the  r a t i o  Reo t h a t  
must e x i s t  between t h e  e l e c t r o n  d e n s i t i e s  a t  t he  r e f e r e n c e  
l e v e l  a t  two m a g n e t i c a l l y  con juga te  p o i n t s  t o  s a t i s f y  c o n t i -  
n u i t y  a t  t he  t o p  of t h e  f i e l d  l i n e .  

same tempera ture ,  and hence C = l  i n  Eq. (30 ) .  
It w i l l  be  assumed t h a t  t h e  i o n s  and e l e c t r o n s  have t h e  

1. Temperature Constant  i n  Each Hemisphere 

A s  a first approximat ion ,  suppose t h a t  t h e  ave rage  

t empera tu re  i n  t h e  sou the rn  (Summer) hemisphere,  T p  i s  
g r e a t e r  t han  t h e  average  tempera ture  i n  t h e  n o r t h e r n  ( W i n t e r )  
hemisphere , ( F i g .  6 )  so t h a t  TN J 

TS = KTN 

w i t h  K a cons t an t  g r e a t e r  t han  1. 
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TS 

FIG. 6. PARAMETERS USED TO CALCULATE Re, AT THE REFERENCE LEVEL AT 
TWO MAGNETICALLY CONJUGATE POINTS WHEN THE TEMPERATURE IN THE NORTHERN 
AND SOUTHERN HEMISPHERES ARE DIFFERENT BUT CONSTANT IN EACH HEMISPHERE. 

Given the  e l e c t r o n  d e n s i t y  neo (and i o n  d e n s i t i e s ,  
th rough 9, and 7 ) a t  a r e f e r e n c e  p o i n t  on a f i e l d  l i n e ,  i t  3 
i s  p o s s i b l e  t o  c a l c u l a t e  the e l e c t r o n  d e n s i t y  a t  any o t h e r  
p o i n t  ( d e f i n e d  by Bo, O f )  on the  same f i e l d  l i n e ,  u s i n g  Eqs .  

(36) and (51). 
L e t  A be t h e  r a t i o  n e ( s l ) / n e o  g i v e n  by Eq.  (36) ;  

i t  i s  c l e a r l y  a f u n c t i o n  of  t empera tu re ,  th rough the  v a l u e s  
of Hi and vi. Thus, for t h e  n o r t h e r n  and sou the rn  hemi- 
sphe res  r e s p e c t i v e l y ,  

where zM i s  t h e  va lue  of z for 8'" 3 and i s  g i v e n  by 

(52) 9 
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A s  t h e  e l e c t r o n  p r e s s u r e  must be t h e  same i n  p o i n t s  

1 and 2 o f  F i g .  6: 

T h i s  exp res s ion  pe rmi t s  t h e  c a l c u l a t i o n  of  t h e  e l e c -  
t r o n  d e n s i t y  a t  t h e  r e f e r e n c e  l e v e l  i n  t he  n o r t h e r n  hemisphere 
i f  t h e  e l e c t r o n  d e n s i t y  a t  t he  same l e v e l ,  a t  t h e  con juga te  
p o i n t ,  i s  known. It i s  useful t o  make t h e  f o l l o w i n g  approx i -  
mat ions .  

From F i g .  4 i t  i s  seen t h a t  for z g r e a t e r  t h a n  a -  

ho lds  so t h a t  w i t h  t h e  p r e s e n t  assumptions,  u s i n g  E q .  ( 2 0 a ) ,  
AN and AS a r e  g iven  by 

bout 2000 km (co r re spond ing  to zM a t  Bo ' 3 5 O L  Eq. (46) 

Thus, a t  l a t i t u d e s  g r e a t e r  t h a n  about  3 5 O ,  Eq. (56 )  has  t h e  
approximate form 
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The cor responding  equa t ion  g iven  by Rothwell  (1962) 
may be der ived  a s  a p a r t i c u l a r  c a s e  of  t h e  more g e n e r a l  ex-  
p r e s s i o n  (58) i n  which the  dependence o f  m, g and T on 
a l t i t u d e  may be p r o p e r l y  al lowed for. 

2 .  Temperature Changing Along a Line of Force  

I n  the p reced ing  s e c t i o n ,  i t  was assumed a s  a conven- 
i e n t  approximat ion  t h a t  t h e r e  was a d i s c o n t i n u i t y  o f  tempera- 
t u r e  between two p o i n t s  just n o r t h  and south  of t h e  e q u a t o r i a l  
p l ane  ( F i g .  6 ) .  For a complete t r ea tmen t  i t  i s  b e t t e r  t o  pro- 
ceed a s  fo l lows .  

FIG. 7. PARAMETERS USED TO CALCULATE Re, AT THE REFERENCE LEVEL AT TWO 
MAGNETICALLY CONJUGATE POINTS WHEN THE TEMPERATURE IS TAKEN AS A CON- 

SOUTHERN HEMISPHERE. At points 1 and 2, the temperatures are the same. 
TINUOUS FUNCTION T~(s) IN THE NORTHERN HEMISPHERE, AND T~(s) IN TH& 

Figure  7 i n d i c a t e s  t h e  t empera tu re  a s  a f u n c t i o n  of 

d i s t a n c e  a long  a l i n e  of f o r c e .  The t empera tu re  must change 
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a l o n g  t h e  f i e l d  l i n e  s i n c e  i t  i s  supposed t h a t ,  a t  t h e  r e f e r -  

ence l e v e l ,  i t  h a s  d i f f e r e n t  Values i n  t h e  n o r t h e r n  and south-  

e r n  hemispheres 

ToS = KToN (59) 

w i t h  K a c o n s t a n t  g r e a t e r  t h a n  1. 
The d i s t a n c e  s i s  c l e a r l y  a f u n c t i o n  o f  Bo and 

8, and we c a l l  s M ( e o )  t h e  va lue  of S cor responding  t o  
e = o  ( d e t a i l s  a r e  g iven  i n  Appendix A ) .  

The f u n c t i o n s  T N ( s )  and T S ( s )  a r e  such t h a t  t h e  
tempera ture  i s  a cont inuous f u n c t i o n  of s, i n c l u d i n g  t h e  
p o i n t  s t h a t  i s :  M' 

The assurned form for T N ( s )  and T S ( s )  i s  d i s c u s s e d  

A s  t h e  tempera ture  i s  now a f u n c t i o n  of s, E q .  (50)  
must be used t o  c a l c u l a t e  z , and d i f f e r e n t  v a l u e s  w i l l  re-  
s u l t  for p o i n t s  3 and 4, F i g .  7: 

i n  S e c t i o n  I V .  

These equa t ions ,  t o g e t h e r  w i t h  Eq .  (35)  , g i v e  t h e  
e l e c t r o n  d e n s i t y  d i s t r i b u t i o n s  i n  t he  n o r t h e r n  and sou the rn  
hemi sphere  s . 

SEL-63-110 - 30 - 



1 

I' 
For s f =  s t h e  e l e c t r o n  d e n s i t i e s  a r e  t L L e  same n M 

t h e  n o r t h e r n  and sou the rn  hemispheres  ( p o i n t s  1 and 2, F ig .  7), 
and so a r e  t h e  tempera tures .  Thus, t h e  l a s t  equa t ions ,  t oge th -  
e r  w i t h  ( 6 0 )  g i v e  

a r e  g i v e n  by t h e  co r re spond ing  Eqs .  (61)  where zm and 
w i t h  8 '  = 0. For s u f f i c i e n t l y  l a r g e  va lues  o f  z,,, and 

zMs 
l"13 

such t h a t  Eq. (46 )  holds ,  Eq. (63)  may be w r i t t e n  a s  zmJ 
1 

i n  which use  h a s  been made of  Eq. ( 2 0 a )  and (59) .  
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I V .  RESULTS OF THE THEORY 

A .  INTRODUCTION 

I n  t h i s  s e c t i o n ,  r e l a t i v e  e l e c t r o n  and i o n  d e n s i t y  
d i s t r i b u t i o n s  c a l c u l a t e d  on t h e  b a s i s  of t h e  t h e o r y  o u t l i n e d  
i n  t h e  previous  s e c t i o n s  a r e  p r e s e n t e d .  The r e s u l t s  a r e  
g i v e n  a s  d i s t r i b u t i o n s  c a l c u l a t e d  a s  f u n c t i o n s  o f  t h e  tempera- 
t u r e  modif ied g e o p o t e n t i a l  h e i g h t  z ,  as f u n c t i o n s  of t h e  

d i s t a n c e  s measured a long  a l i n e  of f o r c e  and a l s o  a s  f u n c t i o n s  
of t h e  a l t i t u d e ,  h .  These d i s t r i b u t i o n s  a r e  r e f e r r e d  t o  a s  
N ( z ) ,  N(s) and N ( h )  cu rves  r e s p e c t i v e l y .  The computat ions 
a r e  based on a number of d i f f e r e n t  assumptions about  t h e  

exosphe r i c  tempera ture  and about  t h e  i o n i c  composi t ion  of t h e  

atmosphere a t  500 k i l o m e t e r s .  I n  p a r t i c u l a r ,  t h e  d i s t r i b u t i o n s  
a r e  d e r i v e d  

A )  when a c o n s t a n t  tempera ture  i s  assumed a l o n g  a l i n e  
of f o r c e  

B )  when t h e  t empera tu re  i s  assumed t o  vary  w i t h  d i s t a n c e ,  
s ,  a long  a l i n e  of f o r c e ,  

I n  a d d i t i o n ,  two se t s  of assumptions a r e  made about  t h e  

composi t ion z t  t h e  base  l e v e l  u s u a l l y  t a k e n  t o  be  500 k i l o m e t e r s  
above t h e  e a r t h ' s  sur-face. These a r e  

1. t h a t  t h e  composi t ion a t  500 k i l o m e t e r s  i s  independent  
of t h e  tempera ture  a t  t h a t  l e v e l ,  and 

2 .  t h a t  t h e  composi t ion a t  500 k i l o m e t e r s  i s  a s t r o n g  
f u n c t i o n  of t h e  tempera ture  a t  t h a t  l e v e l .  

The  N ( h )  c a l c u l a t i o n s  r e f e r r e d  t o  above were c a r r i e d  o u t  
b o t h  when a p rope r  a l lowance was made f o r  t h e  e f f e c t  of t h e  

c e n t r i f u g a l  f o r c e  a r i s i n g  from t h e  e a r t h ' s  r o t a t i o n  and a l s o  
when t h i s  f o r c e  was n e g l e c t e d .  Subsequent ly ,  u se  i s  made of 
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o b s e r v a t i o n a l  d a t a  from t h e  Aloue t t e  s a t e l l i t e  (Thomas and 
S a d e r  1963) to conver t  t h e  r e l a t i v e  e l e c t r o n  d e n s i t y  p r o f i l e s  
i n t o  a b s o l u t e  p r o f i l e s  based on t h e  e l e c t r o n  d e n s i t y  observed  
a t  approximate ly  1000 k i l o m e t e r s .  Th i s  l e a d s  to a s e t  of  
t h e o r e t i c a l  p r o f i l e s  c a l c u l a t e d  u s i n g  r e a s o n a b l e  e x p e r i m e n t a l l y  
observed  magnitudes f o r  ion composi t ion  (Bauer  1963), tempera- 
t u r e  ( H a r r i s  and P r e i s t e r  1 9 6 2 ) ,  and e l e c t r o n  d e n s i t y  a t  1000 

k m  ( A l o u e t t e  o b s e r v a t i o n s ) .  These t h e o r e t i c a l  p r o f i l e s  a r e  
t h e n  compared w i t h  a number of w h i s t l e r  and o t h e r  o b s e r v a t i o n s  
of  e l e c t r o n  d e n s i t y  i n  t h e  e a r t h ' s  exosphere .  Tab le s  1 and 2 , p g .  
61 ,62 ,g ive  a srrnmary o f  the  way i n  which t h e  c a l c E l a t i o n s  
were developed and i n  which t h e  r e s u l t s  a r e  p r e s e n t e d .  F u r t h e r  
d e t a i l s  a r e  noted  i n  t h e  ensu ing  s e c t i o n s .  

B.  THE ELECTRON AND I O N  DISTRIBUTIONS 

The e l e c t r o n  and  i o n  d i s t r i b u t i o n s  p r e s e n t e d  below were 
c a l c u l a t e d  u s i n g  a d i g i t a l  compcter program. The N ( z )  cu rves  
were computed from equa t ion  (35) u s i n g  t h e  assumpt ion  t h a t  
t h e  t empera tu re  was c o n s t a n t ,  t h e  N ( s )  c u r v e s  were computed 
from e q u a t i o n s  (35), (51) and (Ab), t h e  N(h )  p r o f i l e s  
b e i n g  subsequen t ly  computed from t h e  N ( s )  p r o f i l e s  u s i n g  
e l e c t r o n  d e n s i t y  o b s e r v a t i o n s  a t  1000 k i l o m e t e r s  a s  measured 
icy t h e  4 l o u e t t e  s a t e l l i t e .  

The c a l c u l a t i o n s  i n  which t h e  t empera tu re  i s  assumed 
c o n s t a n t  a l o n g  t h e  l i n e  of f o r c e  of tne e a r t h ' s  magnet ic  
f i e l d  a r e  denoted by t h e  l e t t e r  4 (Tab le  1, pg.  61). For  each  
v a l u e  of  t h e  temperatc.re assumed, it i s  n e c e s s a r y  to s p e c i f y  
t h e  composi t ion  a t  t h e  base l e v e l  a t  500 k i l o m e t e r s .  Th i s  
was t a k e n  from t h e  d a t a  p r e s e n t e d  by Bauer (1963) f o r  t h e  
he l ium and hydrogen i o n  d e n s i t i e s  r e l a t i v e  to t h e  oxygen 
i o n  d e n s i t y  a s  a f u n c t i o n  of t h e  t e m p e r a t u r e .  The r e l e v a n t  
e q u a t i o n s  a r e  
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- T o / l O O O  7 ( T  ) = 0 . 2  X 10 2 0  

7 ( T ~ )  = 0.16 x 10 -To/500 
3 

I n  t h i s  equat ion ,  To i s  t h e  tempera ture  assumed a t  t h e  
r e f e r e n c e  l e v e l .  The . ? 3 r i a t i o n  of TI2 and 11 w i t h  tempera ture  
a s  g iven  by  equa t ions  (65)  i s  shown i n  F i g .  8 .  

3 

The exospheric  tempera ture  e n t e r s  t h e  c a l c u l a t i o n s  i n  
two ways. F i r s t l y ,  v i a  t h e  tempera ture  modi f ied  g e o p o t e n t i a l  
h e i g h t  z, and secondly ,  v i a  i t s  e f f e c t  on t h e  composi t ion 
assL'med a t  t h e  base  l e v e l  through equa t ions  ( 6 5 ) .  It i s ,  

however, i n t e r e s t i n g  t o  c a r r y  o E t  computat ions i n  which 
t h e  composi t ion a t  500 k i l o m e t e r s  i s  h e l d  c o n s t a n t  neve r the -  
l e s s  a l lowing  t h e  tempera ture  t o  va ry .  I n  t h i s  c a s e  t h e  
v a l u e s  f o r  7l and 7 were t aken  from equa t ions  (65 )  u s i n g  
To = 1000°K and t h e s e  r e s u l t s  a r e  r e f e r r e d  t o  a s  "Composition 
1," Table 1. 

2 3 

The c a l c u l a t i o n s  i n  which equa t ions  (65)  were a p p l i e d  
t o  g i v e  t h e  r e l a t i v e  d e n s i t i e s  a t  500 k i l o m e t e r s  a r e  r e f e r r e d  
t o  a s  "Compositions 2 a , b , c , "  e t c .  depending on t h e  va lue  o r  

t h e  temperature  a t  500 k i l o m e t e r s  ( s e e  Table  1 ) .  I n  o t h e r  
words,  i n  "Compositions 2 ,"  once t h e  t empera tu re  a t  t h e  
base  l e v e l  is s p e c i f i e d ,  t h e  r e l a t i v e  i o n  d e n s i t i e s  a r e  
a u t o m a t i c a l l y  s p e c i f i e d  a t  t h a t  l e v e l  by e q u a t i o n s  ( 6 5 ) .  
Some c a l c c l a t i o n s  a r e  a l s o  performed u s i n g  t h e  assumption 
t h a t  the ternperatcre i s  changing a l o n g  t h e  f i e l d  l i n e .  
These r e su l t s  a r e  denoted by t h e  l e t t e r  B (Table  1) and w i l l  
be desc r ibed  l a t e r .  

D e t a i l s  r e l a t i n g  t o  t h e  curves  shown i n  F i g s .  9 - 18 
a r e  summarized i n  Tables  1 and 2 which precede  t h e  f i g u r e s  

(pg .  61 1. 

SEL-63 -110 - 34 - 



I n  F i g u r e s  9a - e (see Tab les  1 and 2 ) ,  e l e c t r o n  and 
i o n  d e n s i t i e s  a r e  p l o t t e d  a s  f u n c t i o n s  of t h e  t empera tu re -  
mod i f i ed  g e o p o t e n t i a l  h e i g h t  z f o r  d i f f e r e n t  v a l u e s  of 
t h e  ( c o n s t a n t )  t empera ture  (assumed independent  of s )  and 
f o r  d i f f e r e n t  composi t ions .  The d i s t r i b u t i o n s  shown i n  
F i g s .  9a - e ,  do not  show marked "k inks"  or cusps  and t h e  
i o n  t r a n s i t i o n  l e v e l s  do not  show up c l e a r l y  i n  t h e  e l e c t r o n  
d e n s i t y  c u r v e s .  These curves a r e  d i s c u s s e d  i n  g r e a t e r  
d e t a i l  i n  Appendix B.  

The e l e c t r o n  d e n s i t i e s  of F i g s .  9a - e a r e  summarized 
i n  F i g .  10,  where t h e  r e l a t i v e  e f f e c t s  of t empera tu re  and 
composi t ion  changes can  b e  s e e n .  A t  low v a l u e s  of z, where 
0 i s  predominant f o r  all curves. ,  t h e  s l o p e s  a r e  p r o p o r t i o n a l  
to t e m p e r a t u r e .  A s  we go to h i g h e r  va lues  of  z t h e  e f f e c t  Of' 

t h e  i o n  composi t ion  a t  t h e  b a s e  becomes r e l a t i v e l y  more 
impor t an t  and t h e  s l o p e s  a r e  no l o n g e r  s imply  p r o p o r t i o n a l  
t o  t e m p e r a t u r e .  F o r  i n s t a n c e ,  a t  z = 3000 km, t h e  s l o p e  
of curve  e (2000OK) i s  l e s s  t h a n  t h e  s l o p e  of curve  b 

(lOOO°K). This  i s  s o  because,  a l t h o u g h  f o r  curve  b a t  
z = 3000 km, t h e  H i s  s t r o n g l y  predominant ( F i g .  g b ) ;  t h i s  
i s  n o t  t h e  c a s e  f o r  cvrve e ( F i g .  g e ) .  

+ 

+ 

It i s  s e e n  from t h e  c u r v e s  of F i g s .  9a - e t h a t  t h e  
i o n  t r a n s i t i o n  leve ls  ( t h e  l e v e l s  a t  which n(O+) = n(He + ) ,  

e t c . ) ,  change w i t h  t empera tu re .  The v a r i a t i o n  of  t h e  i o n  
t r a n s i t i o n  l e v e l s w i t h  tempera ture  i s  shown i n  F i g .  11 f o r  
two d i f f e r e n t  assumptions abou t  t h e  composi t ion  a t  t h e  b a s e  
l e v e l ,  namely, t h a t  t h e  composi t ion i s  independent  of  
t empera tu re  ( con t inuous  l i n e s )  and  t h a t  t h e  composi t ion  i s  

tempera ture-dependent  a s  i n d i c a t e d  by e q u a t i o n s  (65) 
(broken  l i n e s ) .  
from a n  examinat ion  of F i g s .  9a - e ,  and 11 i s  t h a t  t h e  
t r a n s i t i o n  l e v e l s  approach n e a r e r  t h e  e a r t h  a t  n i g h t .  These 
c v r v e s  a g r e e  w i t h  t h o s e  g iven  by  Bauer (1963).  

An imper t an t  c o n c l u s i o n  which can b e  drawn 
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The N(z) curves  may be t ransformed u s i n g  e q u a t i o n  (51)  
i n t o  curves givinc; N a s  a f u n c t i o n  of 8 and 8 where 8 i s  
t h e  a n g l e  between t h e  e q u a t o r i a l  p l a n e  and a p o i n t  a t  a 
d i s t a n c e  s measured a long  a f i e l d  l i n e .  The f i e l d  l i n e  i s  
assumed t o  i n t e r s e c t  t h e  base  l e v e l  (500 km above t h e  e a r t h )  
a t  a p o i n t  making an  a n g l e  8, w i th  t h e  e q u a t o r i a l  p l a n e  

( F i g .  1). The use  of e q u a t i o n  (A4) (Appendix A )  c o n v e r t s  
t h e  N ( 8 , 0  ) curves  t o  d i s t r i b u t i o n s  of e l e c t r o n  d e n s i t y  
a l o n g  a l i n e  of f o r c e  ( N ( s , e o )  c u r v e s ) .  Curves of t h i s  
k i n d  a r e  given i n  F i g s .  12a ,b ,  cy f o r  eo= 45", 55" and 65" 
respec ' ive ly .  I n  each diagram t h e  r e s u l t s  co r re spond ing  t o  
t h e  case  i n  which p rope r  a l lowance has  been made for c e n t r i -  
f u g a l  f o r c e  a r e  shown a s  cont inuous  l i n e s .  The corresponding  
r e s u l t s  f o r  t h e  cases  i n  which t h e  c e n t r i f u g a l  f o r c e  was 

n e g l e c t e d  a r e  shown by broken l i n e s .  A s  expec ted ,  
t h e  e f f e c t  of t h e  c e n t r i f u g a l  f o r c e  i s  l a r g e s t  a t  t h e  h i g h e r  
l a t i t u d e s ,  and t e n d s  t o  i n c r e a s e  t h e  e l e c t r o n  d e n s i t y  a t  
t h e  h igh  l e v e l s .  The i n c r e a s e  i s  never  g r e a t e r  t h a n  about  
20% over  the  range of h e i g h t s  cons ide red .  It i s  found a l s o  
t h a t  a long  t h e  f i e l d  l i n e  a t  45" t h e  c e n t r i f u g a l  f o r c e  has  
no a p p r e c i a b l e  e f f e c t  ( F i g .  1 2 a ) .  The e f f e c t s  of changes i n  
tempera ture  and composi t ion a r e  seen  very  c l e a r l y  i n  F i g .  12a 
i n  which the  d i s t a n c e  s c a l e  i s  expanded. 

0 

0 

S i m i l a r  c a l c u l a t i o n s  (denoted  by t h e  l e t t e r  B, Tab le s  
1 and 2 )  were c a r r i e d  o u t  i n  which t h e  tempera ture  v a r i e d  
a l o n g  a l i n e  of f o r c e .  The t empera tu re  d i s t r i b u t i o n  
assumed along a l i n e  of f o r c e  i n  t h e  c a s e s  l a b e l l e d  B i s  
g iven  by t h e  formula 

where To i s  t h e  tempera ture  a t  t h e  r e f e r e n c e  l e v e l  (500 
k i l o m e t e r s ) ,  T is t h e  tempera ture  a t  t h e  t o p  of t h e  f i e l d  T 
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l i n e ,  D i s  a v a r i a b l e  d i s t a n c e  a l o n g  t h e  l i n e  o f  f o r c e  

( t a k e n  to be 10 
d e f i n e d  a l o n g  tne l i n e  of f o r c e  a s  i n d i c a t e d  i n  F i g .  7, 
page 29. 

4 km), and t h e  d i s t a n c e s  s and sM a r e  

I n  o r d e r  t o  be  a b l e  t o  c a l c u l a t e  t h e  r a t i o s  of  e l e c t r o n  
d e n s i t i e s  a t  m a g n e t i c a l l y  c o n j u g a t e  p o i n t s  when a d i f f e r e n c e  
of  t empera tu re  e x i s t s  between hemispheres ,  it is  conven ien t  
to a p p l y  e q u a t i o n  (66)  s e p a r a t e l y  f o r  t h e  two hemispheres .  
Thus f o r  t h e  n o r t h e r n  ( w i n t e r )  hemisphere,  To and TT were 
t a k e n  to be 1 0 0 0 ° K  and 1 8 0 0 ~ ~  r e s p e c t i v e l y  and t h e  r e s u l t i n g  
t empera tu re  d i s t r i b u t i o n  a long  t h e  l i n e  o f  f o r c e  a s  g i v e n  
by (60 )  for t h e  n o r t h e r n  hemisphere i s  denoted  by T 1 ( s ) .  

F o r  t h e  s o u t h e r n  (summer) hemisphere T_ = 1400°K and 
TT = 1 8 0 0 ° K  and e q u a t i o n  (66)  i s  a g a i n  used  t o  g i v e  T 2 ( s ) .  

The d i s t r i b u t i o n s  T 1 ( s )  and T 2 ( s )  a r e  s k e t c h e d  i n  F i g .  13. 

U 

E l e c t r o n  d e n s i t i e s  a long  l i n e s  of f o r c e  were c a l c u l a t e d  
f o r  a v a r i a b l e  tempera ture  a l o n g  t h e  l i n e  of f o r c e  u s i n g  
e q u a t i o n s  (35), (50), and (A4). The r e s u l t s  a r e  shown i n  
F i g s .  14a - d, f o r  Go = 35", 45", 55", and 65", r e s p e c t i v e l y .  
The g e n e r a l  behav iour  of t h e  cu rves  i n  F i g s .  14 i s  s i m i l a r  
t o  t h a t  of t h e  c u r v e s  i n  F i g s .  12 .  For i n s t a n c e ,  a n  i n c r e a s e  
i n  tempera ture ,  keeping  the  b a s e  l e v e l  composi t ion  cons t an t ,  
i n c r e a s e s  t h e  e l e c t r o n  d e n s i t i e s  i n  b o t h  c a s e s ,  and a 
c o n t r a r y  e f f e c t  i s  produced i f  t h e  composi t ion  i s  supposed 
t o  va ry  a s  g i v e n  by e q u a t i o n s  (65 ) .  Also, t h e  e f f e c t  of 
n e g l e c t i n g  t h e  c e n t r i f u g a l  f o r c e  i s  n e g l i g i b l e  below eo = 45". 

It i s  impor t an t  to no te  t h a t  t h e  c a l c u l a t e d  e l e c t r o n  
d i s t r i b u t i o n s  depend s t r o n g l y  on t h e  assumed b a s e  t e m p e r a t u r e  
b u t  do n o t  depend a p p r e c i a b l y  on t h e  s m a l l  t e m p e r a t u r e  
changes assumed a l o n g  a l i n e  of f o r c e , a n d , t h a t  t o  a f i r s t  
o r d e r ,  v e r t i c a l  p r o f i l e s  and d i s t r i b u t i o n s  a l o n g  t h e  l i n e  
of  f o r c e  computed assuming a c o n s t a n t  t e m p e r a t u r e  a r e  
a d e q u a t e .  
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The r a t i o s  R (si2bsequently r e f e r r e d  to a s  R )  of t h e  
e l e c t r o n  d e n s i t i e s  a t  condugate p o i n t s  i n  t h e  two hemispheres  
p r e d i c t e d  b y  t h e  t h e o r y  were c a l c u l a t e d  f o r  a s e r i e s  of h e i g h t s  
( F i g .  l5a,b). The t empera tu re  d i s t r i b u t i o n  a l o n g  a l i n e  of 
f o r c e  was assumed t o  b e  a s  shown i n  F i g .  13, t h e  t empera tu re  

( w i n t e r )  hemisphere.  If i t  i s  sLpposed t h a t  t h e  cornposi t ions 
a t  t h e  r ~ a s e  l e v e l  a r e  t h e  same i n  w i n t e r  and summer, t h e  
r a t i o ,  R = N(winter)/N(sLmrner) i s  s l i g h t l y  g r e a t e r  t h a n  u n i t y  
and t e n d s  t o  i n c r e a s e  w i t h  i n c r e a s i n g  l a t i t u d e  ( F i g . 1 5 a ) .  I f ,  
i n s t e a d ,  t he  i o n i c  composi t ion  a t  500 k m  i s  assumed t o  depend 
on t h e  tempera ture  a s  given by Bauer (1963) ( F i g .  8 and 
Equa t ion  ( 6 5 ) )  t h e n  t h e  cu rves  of F i g .  l 5 b  a re  ob ta ined  and 
t h e  r a t i o  R i s  still about  u n i t y  excep t  f o r  t h e  1000 km 
l e v e l  f o r  which it d e c r e a s e s  from 1 a t  t h e  e q u a t o r  t o  
approximate ly  0.5 a t  h igh  l a t i t u d e s .  

e 

cor responding  t o  t h a t  a t  t h e  base  l e v e l  i n  t h e  n o r t h e r n  

F i g .  l o a , b , c  shows N(h)  p r o f i l e s  computed assuming 
b a s e  composition 1 f o r  t h e  two assumed t empera tu re  models 
( see  F i g .  13 and Eqvat ion  ( 0 6 ) ) .  It was assumed t h a t  t h e  
e l e c t r o n  d e n s i t y  a t  1000 km was 10 / c c .  F i g .  16a co r re spands  
t o  an  e q u a t o r i a l  p r o f i l e  ( n  = O o ) ,  and F i g s .  16b, c 
cor respond t o  0 = 30" and 60" r e s p e c t i v e l y .  The d i f f e r e n c e s  
i n  t h e  p r o f i l e s  shown i n  F i g s .  16a ,b , c  a r i s e  o n l y  because  
of t h e  e f f e c t  o f  t h e  cen t r i fu .ga1  f o r c e .  

4 

I n  o rde r  t o  conve r t  t h e  r e l a t i v e  e l e c t r o n  d e n s i t y  
d i s t r i b u t i o n s  to a b s o l u t e  va lues ,  e l e c t r o n  d e n s i t y  d a t a  f o r  
1000 km ob ta ined  from t h e  Aloue t t e  s a t e l l i t e  were used 
(Thomas and Sade r  1963). F i g .  17, based  on t h e  r e s u l t s  of  
Thomas and Sader  (1963) shows t h e  mean v a r i a t i o n  of t h e  
e l e c t r o n  d e n s i t y  a t  1000 krn f o r  a s e r i e s  of  m a g n e t i c a l l y  
q u i e t  days and n i g h t s  i n  summer and w i n t e r  a s  a f u n c t i o n  
o f  d i p  l a t i t u d e .  The broken l i n e s  a r e  e x t r a p o l a t e d  v a l u e s .  
N(h )  p r o f i l e s  were computed f o r  a v a r i e t y  of c o n d i t i o n s  
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u s i n g  t h e  d a t a  of F i g .  17 a t  1000 km. These p r o f i l e s  a r e  
shown i n  F i g s .  18a - d .  If t h e  assumpt ions  ab->ut  t empera tu re  
and base  composi t ions  i n d i c a t e d  a r e  c o r r e c t ,  t h e n  t h e  t h e o r y  
o v t l i n e d  i n  t h i s  r e p o r t  p r e d i c t s  t h a t  t h e  e l e c t r o n  p r o f i l e s  
i n  summer (day  and n i g h t )  and w i n t e r  (day  and n i g h t )  a r e  a s  
shown i n  F i g s .  18a - d, r e s p e c t i v e l y .  

The d i f f e r e n c e s  between t h e  cu rves  shown i n  F i g .  18a - d 

a r i s e  f i r s t l y  because of t h e  d i f f e r e n t  assumpt ions  a b m t  
t e m p e r a t u r e  and composi t ion ,  and secondly  because  of changes 
i n  t h e  e l e c t r o n  d e n s i t y  a t  1000 km from Summer t o  w i n t e r  
and from day to n i g h t  used i n  c o n v e r t i n g  from r e l a t i v e  
d i s t r i b L t i o n s  t o  a b s o l u t e  d i s t r i b u t i o n s .  I n  p a r t i c u l a r ,  
t h e  r a p i d  f a l l  o f f  of e l e c t r o n  d e n s i t y  w i t h  h e i g h t  i n  t h e  
s i m m e r  ni2;ht cu rves  i s  mainly a t t r i b u t a b l e  t o  t h e  r a p i d  
d e c r e a s e  i n  t h e  e l e c t r o n  d e n s i t y  a t  1000 km w i t h  d i p  
i a t i t r d e  o v e r  t h e  range  50" - 65". T y p i c a l  d i u r n a l  and  
s e a s o n a l  changes d e p i c t e d  i n  t h e s e  c u r v e s  a r e  i l l u s t r a t e d  
f o r  a g i v e n  t empera tu re  and b a s e  compos:-t ion i n  F i g .  18e 
which shows a l s o  t h e  value of t h e  l a t i tL ide  eo cor re spond ing  
t o  t h e  f o o t  of  t h e  f i e l d  l i n e  (at  1000 km above t h e  e a r t h )  
which ex tends  t o  a g i v e n  d i s t a n c e  from t h e  c e n t e r  of th ,e  
e a r t h  i n  t h e  e q u a t o r i a l  p l a n e .  

4 number of t h e o r e t i c a l  N(h )  d i s t r i b u t i o n s  have been  
p r e d i c t e d  f o r  t h e  exosphe r i c  plasma and t h e s e  a r e  d i s c u s s e d  
i n  S e c t i o n  IV.C. Some t y p i c a l  examples a r e  reproduced  i n  
F i g .  19a (Ba te s  and  P a t t e r s o n  1961; Dungey 1954; Johnson 1960)  
and  t h e s e  may be compared w i t h  t h e  c u r v e s  p r e d i c t e d  by t h e  
t h e o r y  p r e s e n t e d  i n  t h i s  r e p o r t .  

No d e t a i l e d  comparison of t h e  p r e d i c t e d  N(h)  p r o f i l e s  
w i t h  e x p e r i m e n t a l l y  observed d a t a  f o r  any g i v e n  day i s  
p o s s i b l e  a t  t h e  p r e s e n t  t i m e .  H3wever ,  a number of w h i s t l e r  
mean exosphe r i c  e l e c t r o n  d e n s i t y  p r o f i l e s  have been p u b l i s h e d  
c o v e r i n g  a wide range  of o b s e r v a t i o n a l  c o n d i t i o n s .  ,4 number 
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of t h e s e  a r e  reproduced i n  F i g .  19b and a r e  l a b e l l e d  a t o  h 
i n  t h a t  diagram ( S t o r e y  1953; Allcock 1959; Carpen te r  and 
Angerami (quoted by Carpen te r  1963); Smith 1960, 1961; 
Pope 1961, 1962; Schmelovsky 1960; Schoute-Vanneck and 
Muir  1963).  It should be noted  t h a t  t h e  o b s e r v a t i o n  of 
S t o r e y  (1953), quoted above, r e f e r s  t o  a s i n g l ?  p o i n t  
o n l y .  The incohe ren t  s c a t t e r  o b s e r v a t i o n s  of Bowles (1962)  
l i e  w i t h i n  t h e  arrow i n d i c a t e d  i n  F i g .  l g b .  

I n  F i g .  20 t h e  expe r imen ta l  d a t a  of F i g .  l g b  a r e  
superposed  on t h e  t h e o r e t i c a l  curves  of F i g .  l g a .  The 
exper imenta l  curves  of F i g .  l g b  cover  a wide v a r i e t y  of 
observed c o n d i t i o n s  and i n c l u d e  r e s u l t s  f o r  d i f f e r e n t  times 
of day, d i f f e r e n t  s eascns  and d i f f e r e n t  s o l a r  epochs .  I n  
g e n e r a l ,  however, a l l  t h e s e  r e s u l t s  l i e  w i t h i n  t h e  a p p r o x i -  
mate r e g i o n  i n d i c a t e d  by t h e  d i a g o n a l l y  shaded a r e a  i n  
F i g .  20. The va lues  of e l e c t r o n  d e n s i t y  measured by 
Aloue t t e  l i e  w i t h i n  t h e  approximate zone i n d i c a t e d  by t h e  
v e r t i c a l l y  shaded a r e a .  

It i s  c l e a r  from F i g .  20 t h a t  when t h e  va lues  of  
e l e c t r o n  d e n s ; t y  g iven  by t h e  A l o c e t t e  d a t a  for summer 
n i g h t s  a r e  used, t h e  t h e o r y  o u t l i n e d  i n  t h i s  r e p o r t  g i v e s  
r easonab ly  good agreement w i t h  t h e  o b s e r v a t i o n s  ( c u r v e s  c and 
d )  whereas t h e  curves  a ,  f ,  e ,  b ,  g i n d i c a t e  t o o  sma l l  a 
dec rease  of e l e c t r o n  d e n s i t y  w i t h  h e i g h t .  Furthermore t h e  
p r e s e n t  t heo ry  provides  a b e t t e r  agreement w i t h  t h e  observed  
s l o p e  of t h e  N(h)  p r o f i l e  n e a r  t h e  l e v e l  of t h e  Aloue t t e  
o r b i t .  It should be noted  t h a t  t h e  curve  l a b e l l e d  e r e p r e s e n t s  
a p robab le  extreme va lue  i n d i c a t e d  by t h e  p r e s e n t  work s i n c e  
it corresponds t o  summer daytime c o n d i t i o n s  when t h e  assump- 
t i o n  t h a t  t h e r e  i s  no p roduc t ion  of i o n i z a t i o n  n e a r  t h e  base  
l e v e l  i s  most l i k e l y  t o  be i n v a l i d .  
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U n t i l  f u r t h e r  i n fo rma t ion  i s  a v a i l a b l e  conce rn ing  the  

e x o s p h e r i c  t e m p e r a t u r e  and composi t ion ,  it i s  p r o b a b l y  
u n f r u i t f u l  to c o n s i d e r  d e t a i l e d  comparison of t h e o r y  w i t h  

expe r imen t .  However, t h e  number of r e a s o n a b l e  c h o i c e s  i s  n o t  
u n l i m i t e d  and f o r  example ( F i g .  21), t h e  N ( h )  cu rve  of 
Smi th  (1960, 1961) i s  well matched by the  p r e s e n t  t h e o r y  i f  

t h e  t empera tu re  i s  assumed to b e  1 0 0 0 ° K  and tk:e s t a r t i n g  
e l e c t r o n  d e n s i t y  a t  1000 km i s  assumed to be roughly  t h a t  
co r re spond ing  to the  curve l a b e l l e d  "summer n i g h t "  i n  
F i g .  17.  Thus, q u i t e  good agreement  can be  o b t a i n e d  w i t h  

v a l u e s  which might  be r e a s o n a l l y  expec ted  to a p p l y  a t  t he  

t ime when t h e  whistler o b s e r v a t i o n s  were made. 

The g e n e r a l  agreement between t h e o r y  and  exper iment  i s  
i l l L 1 s t r a t e d  i n  a n o t h e r  way i n  F i g .  22 which shows t h e  t h e o r e t -  
i c a l l y  p r e d i c t e d  v a l u e s  of t h e  r a t i o  R a s  a f u n c t i o n  of 
geomagnetic l a t i t u d e ,  t o g e t h e r  w i t h  o b s e r v a t i o n s  o f  R a t  
1000 km measured by t h e  Aloue t t e  s a t e l l i t e .  The shaded 
a r e a  cor responds  t o  va lues  w i t h i n  which a l l  t h e  observed  
v a l u e s  o f  t h e  r a t i o  R l i e  and t h u s  a l l o w s  for changes from 
n i g h t  to n i g h t ,  e t c .  The c i r c l e d  p o i n t s  g i v e  t he  v a l u e s  
for m a g n e t i c a l l y  q u i e t  days.  
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V .  COMPARISON WITH OTHER WORK AND SUMMARY OF RESULTS 

A .  DISCUSSION 

The b a s i c  concep t s  which govern t h e  d i s t r i b u t i o n s  of 
i o n s  and e l e c t r o n s  i n  t h e  exosphere have been d i s c u s s e d  
i n  a number of impor tan t  pape r s  i n  t h e  s c i e n t i f i c  l i t e r a t u r e .  
It i s  g e n e r a l l y  ag reed  t h a t  t h e  main c o n s t i t u e n t  of t h e  
atmosphere a t  g r e a t  h e i g h t s  above t h e  e a r t h  (above approx i -  
ma te ly  1500 k i l o m e t e r s )  i s  hydrogen. Hydrogen i o n s  a r e  
formed by t h e  r e a c t i o n  

+ 0 + H Z H + + O  

as was f i r s t  p o i n t e d  out  by Dungey. The r e l a t i v e  e q u i l i b r i u m  
c o n c e n t r a t i o n s  i n  t h e  exosphere  a r e  determined l a r g e l y  by 
t h e  importance of t h i s  r e a c t i o n  n e a r  t h e  base  of t h e  n e u t r a l  
p a r t i c l e  exosphere where t h e  c r o s s - s e c t i o n  f o r  c o l l i s i o n s  
between ions  and n e v t r a l  p a r t i c l e s  i s  r e l a t i v e l y  h i g h .  The 
b a s e  of t h e  exosphere  a t  approximate ly  550 k i l o m e t e r s  i s  
b e l i e v e d  t o  be t h e  most probable  l e v e l  of o r i g i n  f o r  p r o t o n s  
e n t e r i n g  the  exosphere from below a f t e r  fo rma t ion  i n  t h e  
charge  exchange r e a c t i o n  r e f e r r e d  t o  above (Johnson 1960) .  
Thus, t h e  r e l a t i v e  abundances of 0' and H+ (and  also of t h e  
H e +  i o n s )  at t h e  b a s e  of t h e  exosphere c o n t r o l s  t h e  e l e c t r o n  
and i o n  d i s t r i b u t i o n s  throughout  t h e  exosphere .  The charge  
exchange r e a c t i o n  r e f e r r e d  t o  above proceeds  very  r a p i d l y  
n e a r  t h e  peak of  t h e  F2 l a y e r  and t h e  p ro ton  number d e n s i t y  
i s  g iven  by t h e  chemical  e q u i l i b r i u m  e x p r e s s i o n  (Hanson and 
Or tenburger  1961) 

where t h e  square  b r a c k e t s  denote  t h e  c o n c e n t r a t i o n s  of t h e  
c o n s t i t u e n t s  b r a c k e t e d .  
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It h a s  also been shown by Hanson and Or tenburger  (1961) 
t h a t  t h e  oxygen ions  near  t h e  F2 peak a r e  o n l y  weakly coupled 
w i t h  t h e  p ro tons  i n  t h e  protonosphere and it seems l i k e l y  
t h a t  t h e  time c o n s t a n t  f o r  t h e  e s t a b l i s h m e n t  of e q u i l i b r i u m  
between t h e  two hemispheres n e a r  t h e  F r e g i o n  peak i s  g r e a t e r  
t h a n  one day.  The r e s v l t s  of Hanson and P a t t e r s o n  (1963) 
and of  Hanson, e t  a 1  (1963) p rov ide  a n  e s t i m a t e  of  t h e  p r o t o n  
f l u x e s  l i k e l y  to be  involved  as t h e  result of t h e  d i u r n a l  
v a r i a t i o n  of t h e  abundance of t h e  atomic hydrogen i n  t h e  
exosphere .  They cons idered  t h e  flow of hydrogen i n t o  and o u t  
o f  t h e  pro tonosphere  by t h e  charge  exchange p rocess  re fe r red  
t o  above, t h e  escape  of hydrogen from t h e  daytime exosphere  
a s s o c i a t e d  w i t h  h i m e r  daytime t empera tu res  and also t h e  
l a t e r a l  flow of hydrogen around t h e  e a r t h  due t o  any asymmetry 
i n  t h e  d i s t r i b u t i o n  of hydrogen around t h e  e a r t h .  

It i s  c l e a r  from t h i s  work and from o t h e r  c o n s i d e r a t i o n s  
t h a t  some m o d i f i c a t i o n s  t o  a s imple  e q u i l i b r i u m  t h e o r y  a r e  
p robab ly  r e q u i r e d  t o  d e s c r i b e  comple te ly  t h e  phys ic s  of t h e  
exosphere  i n  terms of  d i u r n a l  and o t h e r  changes .  However, 
b e f o r e  a non-equi l ibr ium t h e o r y  i s  p r o p e r l y  a p p l i e d ,  it i s  
v a l u a b l e  t o  e x p l o r e  t h e  e x t e n t  t o  which a n  e q u i l i b r i u m  t h e o r y  
i s  adequate  t o  e x p l a i n  t h e  o b s e r v a t i o n a l  d a t a  and t h i s  has 
been  t h e  purpose of t h e  work r e p o r t e d  h e r e i n .  I n  p a r t i c u l a r ,  
i t  seems l i k e l y  t h a t  a n  e q u i l i b r i u m  t h e o r y  might be  a p p l i c a b l e  
f o r  e x p l a i n i n g  s e a s o n a l  v a r i a t i o n s  which a r e  l i k e l y  t o  occur  
i n  a g iven  hemisphere a s  w e l l  a s  o t h e r  changes i n v o l v i n g  time 
c o n s t a n t s  g r e a t e r  t h a n  one day .  

The s t r u c t u r e  of t h e  lower exosphere  h a s  been d i s c u s s e d  

i n  some d e t a i l  by  Hanson (1962) ,  Bauer (1962, 1963) and by 

H e + ,  and H' i o n s  t o g e t h e r  w i t h  t h e  e l e c t r o n s  under  d i f f u s i v e  

e q u i l i b r i u m .  

a l t i t u d e s  have been d i scussed  by Dungey (1954), Johnson (1960)  
and  by Ba tes  and P a t t e r s o n  (1961).  

Gliddon (1962) who cons ide red  t h e  d i s t r i b u t . i o n s  of t h e  0 + , 

The cor responding  d i s t r i b u t i o n s  a t  much g r e a t e r  
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The main d i f f e r e n c e s  between t h e  work p r e s e n t e d  i n  t h i s  
r e p o r t  and t h e  e a r l i e r  work r e f e r r e d  t o  above r e l a t e  t o  t h e  
fo l lowing  p o i n t s :  

1. Under t h e  c i rcumstances  where d i f f u s i v e  e q u i l i b r i u m  
a p p l i e s ,  i t  i s  w e l l  known t h a t  whereas i n  a non- ionized  
atmosphere each c o n s t i t u e n t  i s  d i s t r i b u t e d  independen t ly  
of t h e  o t h e r  c o n s t i t u e n t s ,  t h e  d i s t r i b u t i o n  of a l i g h t  
i o n i c  c o n s t i t u e n t  i n  d i f f u s i v e  e q u i l i b r i u m  - i s  dependent  
upon t h e  presence of t h e  o t h e r s  because of t h e  e l e c t r i c  
f i e l d ,  E, which a r i s e s  from t h e  s l i g h t  charge  s e p a r a t i o n  
between e l e c t r o n s  and p o s i t i v e  i o n s  (Dungey 1954, Mange 1960, 
Hanson and Ortenburger  1961) .  I n  t h e  p r e s e n t  work, i t  has  
been assumed t h a t  t h e  e l e c t r o n s  and ions  can d i f f u s e  o n l y  
a l o n g  t h e  geomagnetic f i e l d  l i n e s  and, t h e r e f o r e ,  t h e  
d i r ec t ' i on  of t h e  e l e c t r i c  f i e l d ,  E, has  been assumed to be 
a l o n g  t h e  p a r t i c u l a r  f i e l d  l i n e  concerned .  

2 .  It i s  shown t h a t  i t  i s  convenient  to work i n  terms 
of a parameter ,  z ,  c a l l e d  t h e  tempera ture-modi f ied  g e o p o t e n t i a l  
h e i g h t .  The equa t ions  have been developed to a l low f o r  
t h e  p o s s i b i l i t y  t h a t  t h e  e l e c t r o n  and i o n  t empera tu res  may 
be  d i f f e r e n t  and t h a t  a tempera ture  g r a d i e n t  may e x i s t  a long  
a l i n e  of f o r c e .  

3.  A s  was f i r s t  p o i n t e d  ou t  by Ba te s  and P a t t e r s o n  
(1961) ,  up t o  t h e  p r e s e n t  t ime, t h e  t h e o r i e s  of e l e c t r o n  
and i o n  d i s t r i b u t i o n s  i n  t h e  e a r t h ' s  exosphere have n o t  
t a k e n  i n t o  account  c o n d i t i o n s  i n  t h e  upper  p a r t  o f  t h e  
e a r t h ' s  ionosphere which may be s t r o n g l y  dependent  on 
l a t i t u d e .  Such a l a t i t u d e  dependence would i n f l u e n c e  t h e  
e l e c t r o n  d e n s i t y  d i s t r i b u t i o n  i n  t h e  e q u a t o r i a l  p l ane  s i n c e  
t h e  d i f f u s i o n  o f  charged p a r t i c l e s  i n  t h e  e a r t h ' s  exosphere 
i s  a p p r e c i a b l e  on ly  a long  geomagnetic f i e l d  l i n e s .  S i n c e  
our N(h)  p r o f i l e s  have been deduced from t h e  t h e o r e t i c a l l y  
computed N(s)  d i s t r i b u t i o n s  ( i .  e . ,  t h e  c a l c u l a t e d  e q u i l i -  
b r i u m  d i s t r i b u t i o n s  a l o n g  a l i n e  of f o r c e  when d i f f u s i o n  
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a l o n g  t h e  f i e l d  l i n e s  i s  o p e r a t i v e ) ,  t h e  s t a r t i n g  e l e c t r o n  
d e n s i t y  assLmed a t  t h e  base l e v e l  and,  i n  p a r t i c u l a r ,  i t s  
v a r i a t i o n  w i t h  l a t i t u d e ,  i s  a n  ex t r eme ly  impor t an t  f a c t o r .  

An examinat ion  of t he  r e s u l t s  o f  Thomas and Sade r  (1963) 
shows t h a t  t h e  e l e c t r o n  d e n s i t y  a t  1000 km a s  obse rved  by t h e  
Aloi e t t e  s a t e l l i t e  does vary q u i t e  s t r o n g l y  w i t h  l a t i t u d e  and,  
i n  p a r t i c u l a r ,  t h e r e  i s  an  i m p o r t a n t  minimum i n  t h e  c u r v e  under  
c e r t a i n  c i r cums tances  nea r  a d i p  l a t i t u d e  of 65".  T h i s  l a t i t u d e  
dependence was i n s e r t e d  i n t o  t h e  t h e o r y  s o  t h a t  t h e  a c t u a l  
obse rved  e l e c t r o n  d e n s i t i e s  a t  1000 km were used .  The computed 
N ( h )  cu rves  i n  t h e  e q u a t o r i a l  p l a n e  a t  g r e a t  d i s t a n c e s  from 
t h e  e a r t h  were t h e n  compared w i t h  o b s e r v a t i o n s  from w h i s t l e r  
d a t a .  It was foilnd t h a t  t h e  d i sag reemen t  between t h e o r y  and 
o b s e r v a t i o n s  of  t h e  exosphe r i c  plasma e l e c t r o n  d e n s i t y  d i s t r i -  
b r t i o n  i n  t h e  v i c i n i t y  of t h e  A l o u e t t e  o r b i t  (see F i g .  20 )  

was removed. Under c e r t a i n  c i r c u m s t a n c e s ,  t h e  d isagreement  a t  
g r e a t e r  d i s t a n c e s  from the  e a r t h  was also removed when 
r e a s o n a b l e  assumptions about  t iLe  e x o s p h e r i c  t empera tu re  and 
a b o u t  t h e  r e l a t i v e  i o n  d e n s i t i e s  a t  500 km were made and t h e  
A l o u e t t e  d a t a  f o r  summer n i g h t s  u s e d .  It i s  p o s s i b l e  t h a t  
a t  t h e  t imes  when t h e  N ( h )  s l o p e s  f a r  o u t  do n o t  a g r e e  w i t h  

t h e o r y ,  t h a t  some of t h e  assumpt ions  made i n  t h e  t h e o r y  were 
i n v a l i d .  I n  p a r t i c u l a r ,  it might be t h e  c a s e  t h a t  composi t ion  
and  t empera tu re  changes a t  1000 km were i n a p p l i c a b l e ,  or t h a t  
t h e  l e v e l  above which d i f f u s i v e  e q u i l i b r i u m  o c c u r s  v a r i e s  w i t h  
t i m e  . 

The s l o p e  of t h e  N(h)  p r o f i l e  i n  t h e  lower exosphe re  ( a p p r o x i -  
m a t e l y  600 - 1000 km). - 

It h a s  been assumed i n  t h e  t h e o r y  t h a t  t h e  p r o d u c t i o n  
o f  e l e c t r o n s  by t h e  s u n ' s  i o n i z i n g  r a d i a t i o n s  and t h e  loss 
of e l e c t r o n s  by recombina t ion  a r e  b o t h  n o n - e x i s t e n t .  Thus 
no a t t e m p t  i s  made t o  d i s c u s s  t h e  N(h )  d i s t r i b u t i o n s  a t  or 
n e a r  t h e  peak of t h e  F 2  l a y e r ,  though a g r e a t  d e a l  of  
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o b s e r v a t i o n a l  and t h e o r e t i c a l  d a t a  a r e  a v a i l a b l e  ( s e e  f o r  
example Thomas 1963, Rishbeth ,  Lyon and  P e a r t  1963 and 
r e f e r e n c e s  quoted t h e r e i n ) .  I n s t e a d ,  t h e  d i s c u s s i o n  has  
been confined t o  c o n s i d e r a t i o n  O f  t h e  t h e o r y  which might 
a p p l y  above t h e  c r i t i c a l  l e v e l  (Johnson 1960) a t  about  500 

km above the  e a r t h ' s  s u r f a c e .  

Bauer (1962) ,  (1963),  assumed t h a t  i n  t h e  v i c i n i t y  of 
+ t h e  Aloue t t e  o r b i t  t h e r e  is d i f f u s i v e  e q u i l i b r i u m  wi th  0 , 

He' and H' a s  t h e  main c o n s t i t u e n t s  and l a t e r  was a b l e  t o  
f i t  a t o p s i d e  p r o f i l e  from t h e  A l o u e t t e  s a t e l l i t e  on t h e  
b a s i s  of an  e q u i l i b r i u m  t h e o r y  down t o  q u i t e  low a l t i t u d e s .  
The r e s u l t s  of t h e  t h e o r y  o u t l i n e d  i n  t h e  p r e s e n t  work i n  
t h e  v i c i n i t y  of t h e  Aloue t t e  o r b i t  a g r e e  w i t h  B a u e r ' s  s l o p e s .  

The main d i f f e r e n c e s  between t h e  work p r e s e n t e d  i n  t h e  
r e p o r t  and t h a t  r e f e r r e d  t o  above i s  t h a t  Bauer cons ide red  
a n  i so the rma l  c a s e  and does no t  a l low f o r  c e n t r i f u g a l  f o r c e :  
bo th  assumptions be ing  j u s t i f i e d  f o r  t h e  c a s e s  which Bauer 
c o n s i d e r s  s i n c e  he r e s t r i c t s  h i s  t h e o r y  t o  d i s t a n c e s  which 
do n o t  exceed about  one e a r t h  r a d i i  above t h e  F2 r e g i o n  
peak .  Bauer, however, c o n s i d e r s  e q u i l i b r i u m  i n  a v e r t i c a l  
column r a t h e r  t h a n  i n  a column conf ined  by a t u b e  o f  f o r c e .  
I n  t h e  approach o u t l i n e d  i n  t h i s  r e p o r t ,  a v e r t i c a l  p r o f i l e  
i s  very  s t r o n g l y  i n f l u e n c e d  by a n o r t h - s o u t h  g r a d i e n t  i n  t h e  
t empera tu re  and i o n i c  composi t ion a t  t h e  base  l e v e l  or by a 
n o r t h - s o u t h  g r a d i e n t  i n  t h e  e l e c t r o n  d e n s i t y  a t  t h e  base  l e v e l .  

S i n c e  the  c a l c u l a t i o n s  d e s c r i b e d  i n  t h i s  r e p o r t  were 
c a r r i e d  o u t ,  a number of N(h)  p r o f i l e s  deduced from t h e  
A l o u e t t e  s a t e l l i t e  d a t a  have been c i r c u l a t e d . *  The a v a i l a b l e  

* Radio Research S t a t i o n ,  Slough, England, Topside N(h)  
P r o f i l e s ,  V o l .  I, Dee. 1963; King, J .  W . ,  e t  a l ,  Radio 
Research Report No. I M  94, J u l y  1963; and King, J .  W . ,  
e t  a l ,  Report  No. I M  112, Dee. 1963. 
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p r o f i l e s  correspond t o  e q u a t o r i a l  c r o s s i n g s  of t h e  s a t e l l i t e  
and were observed a t  t h e  t e l e m e t r y  s t a t i o n  a t  S ingapore .  From 
t h e  N(z) p l o t s  of King, e t  a 1  (1963) (see f o o t n o t e ,  pg. 46) ,  
measurements were made of t h e  s c a l e  h e i g h t  for e l e c t r o n s  a t  1000 
km for one daytime and one n i g h t t i m e  r e v o l u t i o n :  26 November 

1962, 14:58 l o c a l  t ime,  and 15 A p r i l  1963, 2 0 ~ 2 8  l o c a l  t ime,  
r e s p e c t i v e l y .  

For t h e  daytime pass ,  t h e  s c a l e  h e i g h t  a t  1000 km v a r i e s  
between 170 km a t  l 4 ' N  l a t i t u d e  ( c o n s i s t e n t  w i th  O+ a t  1380°K) 
and 260 km a t  12's l a t i t u d e  ( c o n s i s t e n t  w i th  a mixture  of 0' 
and He+ a t  1380°K). 
d i s t r i b u t i o n  i s  a pure exponen t i a l  down t o  350 km, s u p p o r t i n g  
t h e  idea  t h a t  O+ i s  indeed s t r o n g l y  predominant .  

Around t h e  l a t i t u d e  1 4 " N  t h e  e l e c t r o n  

For  t h e  n igh t t ime  pass ,  t h e  s c a l e  h e i g h t  a t  1000 km v a r i e s  
between 380 km a t  20'N ( c o n s i s t e n t  w i t h  s t r o n g l y  predominant 
H e +  a t  780°K--or a mixture  of t h e  He'with a s i g n i f i c a n t  
amount of O+,at a s l i g h t l y  h i g h e r  t e m p e r a t u r e )  and 620 km a t  
9"s ( c o n s i s t e n t  w i t h  s t r o n g l y  predominant H e +  a t  127O0K--or 
a mixture  of He' and a s i g n i f i c a n t  amount of H+ a t  a s l i g h t l y  
lower t e m p e r a t u r e ) .  The p reced ing  measurements show t h e n  
t h a t  t h e  lower boundary of t h e  hel ium l a y e r  i s  lower a t  
n i g h t  than  d u r i n g  t h e  day. 

From t h e  above i t  appears  t h a t  t h e  s c a l e  h e i g h t  f o r  

e l e c t r o n s  a t  1000 km v a r i e s  s t r o n g l y  from day t o  n i g h t  (by  
a f a c t o r  2.4 i n  t h e  above measurements)  and a l s o  v a r i e s  
w i t h  l a t i t u d e .  It i s  apparent  t h a t ,  a t  1000 km, bo th  t h e  
i o n i c  composi t ion and t h e  tempera ture  must va ry  d i u r n a l l y  
and  a l s o  wi th  l a t i t u d e ,  a t  l e a s t  i n  t h e  e q u a t o r i a l  r e g i o n s .  
Also, i t  i s  impor tan t  t o  no te  t h a t  t h e  assumption t h a t  H 
s t r o n g l y  predominates  a t  1000 km would l e a d  t o  ex t remely  
low t empera tures  i n  o rde r  t o  e x p l a i n  s c a l e  h e i g h t s  a s  low 
a s  170 km ( T  l e s s  t h a n  l O O ' K ) .  

+ 
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The s l o p e  of t h e  N ( h )  p r o f i l e  i n  t h e  upper  exosphere .  

An examinat ion of t h e  t h e o r e t i c a l  p r o f i l e s  of F i g .  20 
shows t h a t  a t  very  g r e a t  h e i g h t s  t h e  r a t e  a t  which the  
e l e c t r o n  d e n s i t y  d e c r e a s e s  w i t h  h e i g h t  i s  o f t e n  l e s s  t h a n  
t h e  exper imenta l  o b s e r v a t i o n s  i n d i c a t e .  Furthermore,  t h e  

s l o p e s  of  t h e  p r o f i l e s  nea r  1000 km f o r  curves  a ,  b ,  f ,  g ,  
F i g .  l g a ,  a r e  no t  i n  agreement w i t h  t h o s e  observed from 
e l e c t r o n  d e n s i t y  p r o f i l e s  deduced i n  t h e  v i c i n i t y  of t he  

Aloue t t e  o r b i t .  The t h e o r e t i c a l  p r o f i l e s  of Dungey (1954), 
Bates  and P a t t e r s o n  (1961) and Johnson (1960) a l low o n l y  
for t h e  presence of H+ and not  f o r  he l ium.  
a r e  sma l l  even at low a l t i t u d e s .  The p r e s e n t  work produces 
s l o p e s  i n  agreement w i t h  t h o s e  observed by t h e  Aloue t t e  
s a t e l l i t e  near i t s  o r b i t  i n  conformi ty  w i t h  t h e  r e s u l t s  of 
Bauer .  

Thus,  t h e  s l o p e s  

A t  t h e  p r e s e n t  t ime,  u n t i l  more i n f o r m a t i o n  i s  a v a i l a b l e  
about  t h e  p o s i t i v e  ion  abundances a t  1000 km, i t  i s  n o t  known 
t o  what e x t e n t  p r o f i l e s  observed a t  a l l  times can be f i t t e d  
by a s imple  e q u i l i b r i u m  t h e o r y .  However, i t  i s  c l e a r  t h a t  
t h e  main f e a t u r e s  of t h e  s e a s o n a l  v a r i a t i o n s  w i l l  p robably ,  
t o  a l a r g e  e x t e n t ,  be governed by t h e  broad p r e c e p t s  d i c t a t e d  
by a n  equ i l ib r ium theory ,  a l though there  w i l l  be d i u r n a l  
changes superimposed on t h e  broad s e a s o n a l  changes .  The 
t h e o r y  o u t l i n e d  i n  the  p r e s e n t  paper  does,  under  c e r t a i n  
c i rcumstances ,  l e a d  t o  e l e c t r o n  d e n s i t y  p r o f i l e s  which f a l l  
o f f  a t  g r e a t  a l t i t u d e s  a t  a r a t e  which i s  i n  agreement  w i t h  

t h e  exper imenta l  d a t a  ob ta ined  from whist lers  and a t  t h e  
same time g ives  t h e  c o r r e c t  s l o p e  n e a r  t h e  A l o u e t t e  o r b i t .  
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B. C ONC LUS I O N S  

1. The e q u i l i b r i u m  d i s t r i b u t i o n s  of  e l e c t r o n s  and i o n s  

i n  t h e  e a r t h ' s  exosphere  have been computed f o r  a wide v a r i e t y  
of  c o n d i t i o n s  on t h e  assumption t h a t  d i f f u s i v e  e q u i l i b r i u m  
a p p l i e s .  

2. The t h e o r y  assumes t h a t  d i f f u s i o n  of e l e c t r o n s  and 
i o n s  i s  p o s s i b l e  only a long  t h e  geomagnetic f i e l d  l i n e s .  

3 .  The p r e s e n c e  of He' i o n s  n e a r  t h e  base  o f  t h e  
exosphe re  h a s  been al lowed f o r  i n  t h e  c a l c u l a t i o n s .  T h i s  i s  

v i t a l  f o r  an  unde r s t and ing  of t h e  changes accompanying t h e  
t r a n s i t i o n  from day to n igh t  c o n d i t i o n s .  

4- The most c r u c i a l  f a c t o r s  govern ing  t h e  form of t h e s e  
d i s t r i b u t i o n s  a r e  t h e  exosphe r i c  t e m p e r a t u r e  and t h e  i o n i c  
composi t ion  at $he b a s e  l e v e l  assumed to b e  at 500 k i l o m e t e r s  
above t h e  e a r t h ' s  s u r f a c e .  

5.  The s t r o n g  l a t i t u d e  dependence of e l e c t r o n  d e n s i t y  
a t  1000 km a s  observed  b y  t h e  A l o u e t t e  s a t e l l i t e  h a s  been 
t a k e n  i n t o  c o n s i d e r a t i o n  i n  t h e  c a l c u l a t i o n s .  A s  a r e s u l t ,  it 
i s  c l e a r  t h a t  t h e  d i s c r e p a n c y  p r e v i o u s l y  observed  between 
t h e o r y  and exper iment ,  namely, t h a t  t h e  e l e c t r o n  d e n s i t y  
g r a d i e n t  at g r e a t  h e i g h t s  p r e d i c t e d  by t h e  t h e o r i e s  t u r n e d  
o u t  to be  much s m a l l e r  t han  t h a t  i n d i c a t e d  by t h e  w h i s t l e r  
o b s e r v a t i o n s ,  i s  now removed under  c e r t a i n  c i r c u m s t a n c e s .  

6 .  The e f f e c t  of t he  e a r t h ' s  c e n t r i f u g a l  f o r c e  i s  
i n c l u d e d  i n  t h e  c a l c u l a t i o n s - - i t s  n e g l e c t  would, at t h e  
h i g h  a l t i t u d e s  l e a d  to e l e c t r o n  d e n s i t y  v a l u e s  which a r e  too 
low a t  a g i v e n  h e i g h t  by a n  amount which does no t  exceed 
SO p e r c e n t ,  f o r  a l t i t u d e s  less  t h a n  abou t  7 e a r t h  r a d i i .  

Although i t  i s  n o t  sugges t ed  t h a t  a n  e q u i l i b r i u m  t h e o r y  
i s  adequa te  to d e s c r i b e  t h e  e n t i r e  p r o p e r t i e s  of  t h e  plasma 

d i s t r i b u t i o n  i n  t h e  exosphere,  i t  i s  q u i t e  c l e a r  t h a t  a f i r s t  
o r d e r  agreement  can  be ob ta ined ,  at any r a t e ,  i n  te rms  of 
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s e a s o n a l  dependencies .  The b a s i c  q u e s t i o n  of why t h e  e l e c t r o n  
d e n s i t y  a t  t h e  Aloue t t e  o r b i t  v a r i e s  w i t h  l a t i t u d e  i n  t h e  way 
t h a t  i t  does, remains unso lved .  F u r t h e r  work i s  needed t o  
de te rmine  the n a t u r e  and t h e  r e l a t i v e  abundances o f  t h e  
p o s i t i v e  i o n s  a t  t h e  base  of t h e  exosphere and t h e  dependence 
of  t h e s e  r e l a t i v e  abundances on t h e  exosphe r i c  t e m p e r a t u r e .  
Measurements of t h e  r e l a t i v e  abundances on a d a i l y  r o u t i n e  
b a s i s  through s a t e l l i t e  o b s e r v a t i o n s  w i l l  p robab ly  be necessa ry  
b e f o r e  i t  i s  p o s s i b l e  t o  de te rmine  a c c u r a t e l y  t h e  c i r cums tances  
i n  which an e q u i l i b r i u m  theory  becomes i n a p p l i c a b l e .  
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APPENDIX A .  GEOMETRY OF THE DIPOLE FIELD 

It was assumed i n  t h i s  r e p o r t  tha t  t he  a c t u a l  magnet ic  
f i e l d  of t h e  e a r t h  could  be approximated by a c e n t e r e d  
d i p o l e  f i e l d ,  a s  i n d i c a t e d  i n  Mlodnosky and H e l l i w e l l  (1962) .  
Most of t h e  e q u a t i o n s  quoted i n  t h i s  appendix  a p p e a r  i n  
F i g .  1 of t h a t  pape r ,  to which r e f e r e n c e  should  be made. 
Thus, t h e  equa t ion  of a l i n e  of f o r c e  i n  a d i p o l e  f i e l d  i s  

2 

2 
cos  e - -  - r 

r o C O S  e o  

i n  which  t h e  q u a n t i t i e s  a r e  a s  shown i n  F i g .  1, page 4, of 
t h i s  r e p o r t .  
of f o r c e  w i t h  f e e t  a t  eo, from t h e  e q u a t o r i a l  p l a n e  to t h e  
l a t i t u d e  0 i s  

I n  t h i s  f i g u r e ,  t h e  d i s t a n c e  s1 a l o n g  t h e  l i n e  

where 

y = s i n b  = 0 s i n e  

We c a l l e d  sM(eo) t h e  va lue  of s1 cor re spond ing  t o  

0’ 
0 = 8 a s  shown i n  F i g .  7,  page 29: 
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w i t h  

0 
= 6 s i n e  YO 

For convenience,  t h e  d i s t a n c e  s ( e o , O )  between a base 
l e v e l  ( e o )  and a l a t i t u d e  8 was used ( s e e  F i g .  1, page 4 ) :  

The increment  of d i s t a n c e  ds ,  cor responding  to a n  
increment  de (keeping  e o  c o n s t a n t )  i s  e a s i l y  shown t o  be 

(A51 2 r 

c os-8 
41 + 3 s i n  0 cos0 dB 0 

? d s  = - 

It i s  c l e a r  that by means of eq .  ( A l )  t h e  d i s t a n c e s  
and s can  be w r i t t e n  a s  f u n c t i o n s  of ( e 0 , r ) ,  and s 

t h i s  i s  convenient  f o r  e l e c t r o n  and i o n  d e n s i t y  c a l c u l a t i o n s  
i n  which t h e  exosphe r i c  tempera ture  i s  assumed c o n s t a n t .  
T h i s  p rocedure  was used i n  t h e  c2mputat ions l e a d i n g  to 
F i g s .  12  and 18. 

s 1’ M 

It should  be noted  that t h e  i n v e r s i o n  o f  eq .  (A2) 
[or (A4)I to g i v e  8 as a f u n c t i o n  of eo and s1 ( o r  s )  i s  
on ly  p o s s i b l e  numer ica l ly .  Thus, i n  t h e  computat ions l e a d i n g  
t o  F i g s .  14 - 16, i n  w h i c h  t h e  t empera tu re  i s  assumed a 
f u n c t i o n  of t h e  d i s t a n c e  s, the  numer ica l  i n t e g r a t i o n s  to 
g e t  z (from eq.(50)) were made u s i n g  8 as  t h e  independent  
v a r i a b l e .  
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APPENDIX B .  NOTE ON THE ION DISTRIBUTION CURVES 

For an  i so the rma l  exosphere ,  t h e  r e l a t i v e  e l e c t r o n  and 
i o n  d e n s i t i e s  can be conven ien t ly  p l o t t e d  a s  f u n c t i o n s  of z .  
Assuming t h a t  t h e  e l e c t r o n s  and i o n s  all have t h e  same tempera-  
t u r e  ( i .  e . ,  C = l), t h e i r  r e l a t i v e  d e n s i t i e s  a r e  o b t a i n e d  
from equat ions  (31) - (33) r e s p e c t i v e l y  (pages  16 - 17): 

n i b )  n 
- -  - exp [ -  I [*I n i o  

I f  one i o n  i s  s t r o n g l y  predominant,  s o  t h a t  on ly  t h e  
term f o r  t h i s  p a r t i c u l a r  i o n  i s  impor t an t  on t h e  r igh t -hand  
s i d e  of equa t ion  (Bl), t hen ,  

where t h e  s u f f i x  i r e f e r s  t o  t h e  s t r o n g l y  predominant  i o n .  
Equat ion (B4) i s  a s imple  e x p o n e n t i a l  and i s  r e p r e s e n t e d  by 
a s t r a i g h t  l i n e  on semi- logar i thmic  paper ,  w i t h  s l o p e  2Hi9 
( t w i c e  t h e  s c a l e  h e i g h t  of  t h e  non- ionized  spec imen) .  
s t r a i g h t  l i n e s  a r e  drawn i n  F i g s .  9a - d f o r  O+, He+, H+, 

( c . f .  
r e s p e c t i v e l y .  

These 

Hanson (19 .62 ) )  and a r e  l a b e l l e d  2H1, 2H2 and 2H3 
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Reference  t o  t h e  N ( z )  curve  of F i g .  9b shows t h a t  t h e  
s imple  e x p o n e n t i a l  behaviour  of e l e c t r o n  d e n s i t y  r e f e r r e d  t o  
above i s  e x h i b i t e d  below 100 km where O+ i s  s t r o n g l y  
predominant ( n o t e  t h a t  t h e  o r d i n a t e  i s  z n o t h )  and i s  a l s o  
e x h i b i t e d  above 1500 km where HS i s  s t r o n g l y  predominant .  
Around 500 km, a l t h o u g h  He+ i s  predominant ,  it i s  n o t  
s u f f i c i e n t l y  s t r o n g l y  predominant and a s t r a i g h t  l i n e  
d i s t r i b u t i o n  i s  no t  ach ieved .  

Comparison of F i g s .  9c and d shows the  e f f e c t  i n  t h e  
s l o p e  of t h e  N ( z )  cu rve  o f  changing  t h e  composi t ion  a t  t h e  
base  l e v e l .  According t o  Tab le  1, F i g .  gd co r re sponds  t o  a 
s m a l l e r  pe rcen tage  of He' and H+ a t  t h e  b a s e  l e v e l ,  s o  t h a t  
t h e  0 i s  predominant over  a g r e a t e r  h e i g h t  r ange .  Thus ,  
the  e l e c t r o n  d e n s i t y  ma in ta ins  a h i g h  r a t e  of d e c r e a s e  ove r  
a g r e a t e r  h e i g h t  range  s o  t h a t  t h e  e l e c t r o n  d e n s i t y  t u r n s  o u t  
t o  be s m a l l e r  for t h e  same z ,  i n  cu rve  d t h a n  i n  curve  c 
( F i g .  10). A s  a r e s u l t ,  one sees t h a t  a change i n  composi- 
t i o n  i s  f a r  more impor tan t  t h a n  a change i n  t empera tu re  i n  
de t e rmin ing  t h e  va lue  of t h e  r e l a t i v e  e l e c t r o n  d e n s i t y  a s  
a f u n c t i o n  of z ( F i g .  1 0 ) .  

+ 

I n  e q u a t i o n  (B2), t h e  term exp (-z/Hi) d e c r e a s e s  w i t h  
i n c r e a s i n g  z, whereas the  term neo/ne(z)  i n c r e a s e s  w i t h  

i n c r e a s i n g  z .  It i s  t h e r e f o r e  p o s s i b l e  f o r  t h e  i o n  d e n s i t y  
t o  i n c r e a s e  w i t h  z ,  s i n c e  i t  i s  made up of t h e  p roduc t  of 
these two f a c t o r s .  

The r a t i o  of d e n s i t i e s  of two d i f f e r e n t  i o n s  a s  f u n c t i o n  
of z may be o b t a i n e d  from e q u a t i o n  (B3): 

J J J 

which, i n  the  l o g a r i t h m i c  p l o t  of F i g s .  9a - e,  i s  a s t r a i g h t  
l i n e  w i t h  ( p o s i t i v e )  s l o p e  H Hi/(Hi - H . )  p a s s i n g  th rough  t h e  

j J 
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p o i n t  V i / T .  a t  z = 0. 
J 

b u t  may r e a d i l y  be i n c l u d e d .  

These l i n e s  a r e  n o t  shown i n  F i g s .  9a - e 

Equat ion  (B3) may be w r i t t e n  i n  a more conven ien t  form: 

s o  t h a t  t h e  geometr ic  mean of t h e  e l e c t r o n  and i t h  i o n  
d e n s i t i e s  r e l a t i v e  t o  t h e  e l e c t r o n  d e n s i t y  a t  t h e  base  l e v e l  
i s  

which i s  our p r e v i o u s  e q u a t i o n  (B4) g i v i n g  t h e  a sympto t i c  
behav iour  f o r  t h e  r e l a t i v e  e l e c t r o n  d e n s i t y  cu rve  when t h e  
i t h  i o n  i s  s t r o n g l y  predominant .  Thus from (B6) 

The l e f t - h a n d  s i d e  of t h i s  e q u a t i o n  i s  the  a r i t h m e t i c  mean 
of  t h e  loga r i thms  of t h e  e l e c t r o n  d e n s i t y  and t h e  d e n s i t y  o f  
t h e  i t h  i o n  r e l a t i v e  t o  t h e  e l e c t r o n  d e n s i t y  a t  t h e  base  
l e v e l .  

Thus, i f  r e l a t i v e  e l e c t r o n  d e n s i t y  c u r v e s  a r e  p l o t t e d  u s i n g  
a l o g a r i t h m i c  s c a l e  i n  d e n s i t y  (as i n  F i g s .  9a - e )  t h e n  the  

d i s t r i b u t i o n  curve  f o r  t h e  i o n  i may be d e r i v e d  from a s imple  
geomet r i c  c o n s t r u c t i o n  a s  f o l l o w s .  F i r s t  t h e  s t r a i g h t  l i n e  
(B4) i s  p l o t t e d  ( s l o p e  2Hi, c r o s s i n g  t h e  a b s c i s s a  a t  a va lue  ,/m) t hen  t h e  r e l a t i v e  e l e c t r o n  d i s t r i b u t i o n  (Bl) i s  
p l o t t e d .  For each v a l u e  of z ,  a p o i n t  i s  p l o t t e d  such  t h a t  
t h e  h o r i z o n t a l  d i s t a n c e  from t h e  p o i n t  t o  t h e  s t r a i g h t  l i n e  
i s  t he  same as t h a t  from t h e  s t r a i g h t  l i n e  t o  t h e  e l e c t r o n  
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distribution. The locus of these points is the ion 
distribution curve (Fig. gb). This procedure may be 
repeated for each ion. 

It is clear from this construction that the ionic 
transition levels (the values of z at which two ions have 
the same density, i. e., the intersection point of two 
ionic distribution curves) may be alternatively identified 
as the intersection of the corresponding asymptotic straight 
lines. 
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TABLE 2. 3 W Y  OF PRESEXTATION OF RFSULTS 
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F I G .  9a. RELATIVE ELECTRON AND ION D E N S I T I E S  AS A FUNCTION O F  THE 
GEOPOTENTIAL HEIGHT, z ,  FOR AN ISOTHERMAL EXOSPHERE. The form of 
t h e  d i s t r i b u t i o n s  depends s t r o n g l y  on t h e  assumed base  l e v e l  com- 
p o s i t i o n  and t h e  assumed t empera tu re  a s  may be seen  by  comparing 
t h e  above w i t h  t h e  subsequent  f i g u r e s .  
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F I G .  9b. RELATIVE ELECTRON AND ION D E N S I T I E S  AS A FUNCTION O F  THE 
GEOPOTENTIAL HEIGHT,  z ,  FOR AN ISOTHERMAL EXOSPHERE. C o m p a r i s o n  
w i t h  Fig.  9c ind ica t e s  t h e  effect  on t h e  d i s t r i b u t i o n s  of chang- 
ing  t h e  t e m p e r a t u r e  o n l y .  
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FIG. 9c .  RELATIVE ELECTRON AND ION DENSITIES AS A FUNCTION OF THE 
GEOPOTENTIAL HEIGHT, z ,  FOR AN ISOTHERMAL EXOSPHERE. Comparison 
w i t h  F i g .  9b i n d i c a t e s  t h e  e f f e c t  on t h e  d i s t r i b u t i o n s  of chang- 
i n g  t h e  tempera ture  o n l y .  Comparison w i t h  F i g .  9d r e v e a l s  t h e  
e f f e c t  of changing t h e  base  composi t ion  o n l y .  
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F I G .  9d. RELATIVE ELECTRON AND ION D E N S I T I E S  A S  A FUNCTION O F  THE 
GEOPOTENTIAL HEIGHT, z ,  FOR AN ISOTHERMAL EXOSPHERE. C o m p a r i s o n  
w i t h  F ig .  9c reveals t h e  effect of changing t h e  base c o m p o s i t i o n  
o n l y .  
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F I G .  9e. RELATIVE ELECTRON AND ION D E N S I T I E S  AS A FUNCTION O F  THE 
GEOPOTENTIAL HEIGHT, z ,  FOR AN ISOTHERMAL EXOSPHERE WITH A 
RELATIVELY HIGH TEMPERATURE. 
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FIG. 10. SUMMARY OF THE RESULTS OF FIGS. 9a - e FOR THE RELATIVE 
ELECTRON DENSITY DISTRIBUTIONS IN THE EXOSPHERE OVER A WIDE 
RANGE OF CONDITIONS. 
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cont inuous l i n e s  cor respond t o  t h e  c a s e  when t h e  composi t ion  a t  
t h e  base l e v e l  i s  independent of t e m p e r a t u r e  (Composi t ion 1) .  
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Bauer ( 1962) .  
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F I G .  14a. TO ILLUSTRATE, FOR A NON-ISOTHERMAL EXOSPHERE ( S E E  
F I G .  13), THE RELATIVE ELECTRON DENSITY D I S T R I B U T I O N  ALONG A 
FIELD LINE WITH FEET (AT 500 KM ABOVE THE EARTH) AT GEOMAG- 
NETIC LATITUDE 35' (SEE TABLES 1 AND 2 ) .  
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